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FOREWORD

The Self-Learning Material (SLM) is written with the aim of providing
simple and organized study content to all the learners. The SLMs are
prepared on the framework of being mutually cohesive, internally
consistent and structured as per the university’s syllabi. It is a humble
attempt to give glimpses of the various approaches and dimensions to the

topic of study and to kindle the learner’s interest to the subject

We have tried to put together information from various sources into this
book that has been written in an engaging style with interesting and
relevant examples. It introduces you to the insights of subject concepts
and theories and presents them in a way that is easy to understand and

comprehend.

We always believe in continuous improvement and would periodically
update the content in the very interest of the learners. It may be added
that despite enormous efforts and coordination, there is every possibility
for some omission or inadequacy in few areas or topics, which would

definitely be rectified in future.

We hope you enjoy learning from this book and the experience truly
enrich your learning and help you to advance in your career and future

endeavours.
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BLOCK-1 COMPLEX ANALYSIS II

Introduction to block

Unit 1 Harmonic Function : This unit deals with harmonic function and

Riemann Sheet

Unit 2 Analytic And Harmonic Function : Deals with analytic function

and harmonic function with its examples.

Unit 3 Application of Harmonic Function : Deals with harmonic

function , Poisson Integral Formula and its proof

Unit 4 The Dirichlet Problem for the Unit Disk and Fourier Series :
Deals with Fourier Cosine series and Dirichlet Problem for the unit disk,

also deals with Polar form of a complex number

Unit 5 Geometric Series and Convergence : Deals with Zeno’s
Paradoxes and Operation on convergence series. Also deals with

sequence and series

Unit 6 Principal of Convergence : Deals with Cauchy Criterian and its

examples. Deals Weierstrass Product Inequality

Unit 7 Convergence of Infinite Product : Deals with infinite product
and its examples. Also deals with Uniform convergence and Weierstrass
M-Test
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UNIT 1: HARMONIC FUNCTION

STRUCTURE
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1.2 Harmonic Functions and their Riemann Sheets
1.2.1 Application of Harmonic Function

1.3 Ideal Fluid Flow

1.4 Limitations of the Milne-Thomson Method
1.4.1 The Complex Plane

1.5 Polar Form and the Argument Function
1.6 Complex Valued Function

1.6.1 The Special Cartesian Limits

1.7 Summary

1.8 Keyword

1.9 Questions for review

1.10 Notes

1.11 Suggestion Reading And References

1.12 Answer to check your progress

1.0 OBJECTIVE

In this part of the course, we will study some basic complex analysis.
This is an extremely useful and beautiful part of mathematics and forms
the basis of many techniques employed in many branches of mathematics
and physics. We will extend the notions of derivatives and integrals,
familiar from calculus to the case of complex functions of a complex

variable. In so doing we will come across analytic functions, which form




Notes

the centerpiece of this part of the course. In fact, to a large extent
complex analysis is the study of analytic functions. After a brief review
of complex numbers as points in the complex plane, we will first discuss
analyticity and give plenty of examples of analytic functions. We will
then discuss complex integration, culminating with the generalized
Cauchy Integral Formula, and some of its applications. We then go on to
discuss the power series representations of analytic functions and the
residue calculus, which will allow us to compute many real integrals and

infinite sums very easily via complex integration.

1.1 INTRODUCTION

Definition: A real-valued function @(x, y)is harmonic in a domain D if
all of its second partials are continuous in D and if at each point
in D, @ is analytic in a domain D, then both u(x,y), v(x,y) are harmonic
inD

Definition: A complex-valued function F(z) is holomorphic on an open

set G if it has a derivative at every point in G.

Here, Holomorphicity is defined over an open set, however,
differentiability could only at one point. If f(z) is holomorphic over the
entire complex plane, we say that f isentire. As an example, all

polynomial functions of z are entire.

1.2 HARMONIC FUNCTIONS AND THEIR
RIEMANN SHEETS

Let ® (¥. ¥) be a continuous real-valued function of the two real

D

connected and open set of points in the complex plane.) The partial

D

variables ® 3 ¥ that is defined on a domain & . A domain = isa

differential equation ~ Wxx U4 F) + yy (5 ¥ = 0 s known
as Laplace's equation and is sometimes referred to as the potential
equation.

If
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B (%, F1, by (6 F) . u (6L F) . By (34 ¥, fyx (% 7)) and fyy (% 7

are all continuous, and if # . ¥ satisfies Laplace's equation, then

® (X, ¥) s called a harmonic function. In calculus, we might have

been asked to show that polynomial functions like
2 i
WX, ¥) =X -3xX7 and ¥ (¥ ¥) =3Ki?-?g,and

=
transcendental functions like W (¥, ¥1 = B C03 (¥] ang

. - ot
v (X, ¥) = €780 (¥) gnq © 0P l“['““‘ Y]and

v (¥, ¥] = arctan (EJ

®x * ,are all harmonic functions. These pairs of

functions are not chosen at random, and there is an intimate relationship
between them, they are called the conjugate "harmonic functions.” It is

our goal to understand how this concept is tied in with analytic functions.

On the practical side, harmonic functions are important in the areas of
applied mathematics, engineering, and mathematical physics. Harmonic
functions are used to solve problems involving steady-state temperatures,
two-dimensional electrostatics, and ideal fluid flow. we will show how
complex analysis techniques are used to solve these problems. For

example, the function

1
f (X, ¥l = — arctan [:
iy

¥
x-1 L x+1) , Is harmonic in the
upper half-plane and takes on the boundary values

i, 00 =1 when x| =1 gnd #0010 =0 when [x]| =1

harmonic

Y ) - 2 arctan

1 ¥
(¥, ¥l = — arctan
i (:-:—l T x+l]_

function
We begin with an important theorem relating analytic and harmonic

functions.
Theorem3.1. Let £z} = £(x+1¥) = u(x¥)+1¥ (% ¥ bean

analytic function on a domain D . Then both @ (% ¥ and ¥ (x. ¥) are

harmonic functions on I'. In other words, the real and imaginary parts of

an analytic function are harmonic.
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Proof. Since t (2} is differentiable on I, the Cauchy-Riemann
equations that M= (% ¥) = ¥y (X ¥) gnd Wy (%, ¥) = -V« (5 ¥) | and
that E'(2) = W (x, ¥) + LW (X, ¥) = W (X, ¥) - LUy (%, ¥ e
will prove that if £ (2) isanalyticon ', then t£' (2] jsalso analytic on
I, Since £' (21 jsdifferentiable on T, the Cauchy-Riemann
equations imply that all the second partial derivatives:

Uy (x: Y:I: u:-q,r (:‘:, Y:]: u’!ll'!ll' l:x: Y:I and W (:‘:, Y:]: v)ql’ (x: Y:I: vw (x: Y:] ,

exist are and are continuous on I'.

Using these facts, we can start with the above mentioned Cauchy
Riemann equations and take the partial derivative with respect to * of
each side of these equations and obtain 2« (% ¥) = ¥y (% ¥) gnd
Up (% ¥) = -V (5 ¥) | Similarly, taking the partial derivative of each
side with respect to ¥ yields W (¥, ¥) = ¥y (X, ¥) gnd
Uy (% ¥) = -V (% ¥) | Since the partial derivatives
Wy (%, ¥)s Uy (5, 70, Vo (4, %), and Wy (% %) gre all continuous, we use a
theorem from the calculus of real functions that states that the mixed

partial derivatives are equal; that is, e (¥, ¥1 = Uy (X, ¥) gng

Vi (% ¥) = Wy (5 F) - Combining all these results finally gives
Uy [, ¥ + Uy [, ¥l = Vs (x, ¥ -V (X ¥) = D’
and Ve (G T # Wy (L F) = - U (5, 7+ Uy (5 F) = 0 Therefore

both v x. ¥1 and ¥ (X, ¥) are harmonic functions on T.

Definition (Harmonic Conjugate). If we have a function “ (%, ¥ that is
harmonic on the domain T and if we can find another harmonic function

¥ (. ¥) such that the partial derivatives for 1 (%, ¥) and ¥ (% ¥) satisfy
the Cauchy-Riemann equations throughout ', then we say

that ¥ (*-¥) s a harmonic conjugate of “ (% ¥} . Furthermore, it then

follows that the

function £z} = Lx+1¥) = u(x¥)+1v (X ¥l jsanalyticon T,

The unlocks the relationship among harmonic functions, conjugate
harmonic functions and analytic functions. Specifically, it clearly states

the special relationship between a harmonic function and it's conjugate
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harmonic function. Loosely speaking, the harmonic function is the real

part of the given analytic function and the harmonic conjugate function is
the imaginary part of the given analytic function.

Example 3.2 Show that “ (% ¥ = x*-¥" is a harmonic function and

find a conjugate harmonic function ¥ & ¥ | and an analytic function

fiz) = ClA+1%) = W(X¥ + LV 7)),

Solution. Given u (% ¥l = KE-YE, we
have .0t ¥) =2x ad uy (%) = 2¥ gnd the second partial
derivatives are W (% ¥) = 2 and ugy (%, ¥) = -2 |t follows that

Wew (L F) + Uy (4 F) = 2-2 = 0 popee uiny) = x'-¥ jsa

harmonic function forall 2= ¥+ 1¥

If we choose ¥ (% ¥l = 2x¥  we

have ¥x (% ¥) = 2¥ amd Wy (%, ¥) = 2% apq the second partial
derivatives are ¥xx (%71 = 0 and vy (%) = 0 |t follows that

Vux (L F) + Wy (%5,7) = 0-0 =0 honee ¥I(X¥) = 2X¥ jsa

harmonic function forall £= ¥+ 1%

. . ¥ A
Therefore, the harmonic conjugate of % (¥, ¥) = X" - ¥ | js

VI ¥ = 2XY

Furthermore, “ @d ¥ satisfy the Cauchy-Riemann equations

We (%, ¥) = Wy (%.7) = 2% gnd Wy (K ¥) = -V (X ¥) = -27¥

. & & . . . .
Therefore, £(z) = £(x+1¥) = x"-¥ +12x7¥ jsan analytic function.

Alternative Solution. The

function £(2) = z' = x+iwm® = x'-y" +12x¥ jsanalytic for all
values of =. Hence, it follows from that both

wix,y) = Rel[E(z)] = x'-¥" and vy = Im[E(e)] = 2x¥, are

harmonic functions.

Example 3.3 Show that ¥ . ¥) = 3x'¥-¥ s a harmonic conjugate

of wix. ¥l = xg—SKYE.

11
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Solution. Given w(x¥ = ¥ -3x¥  we

have U (x¥) = 3x"-37" and w (£ ¥) = -6X¥ and the second partial
derivatives are %« (% ¥) = 6% and uy (5,¥) = - 6% |t follows that
U (B, F) + Wy (¥, ¥) = 6BX - 6BX = III’ hence 1 i ¥ = xg-Sxyz is a

harmonic function forall z= ®x+21¥%

Similarly, for ¥ (¥ = 3x'v-¥  we

have ¥x (¥ = 6x¥ ad w (x¥) = 3x -3Y" and the second partial
derivatives are ¥x« (%, ¥) = 67 and Wy (x,¥) = -6¥ |t follows that
Vax (L F) + Wy (L F) = 67 -6F = 0 hepce V¥ = 3x°Y-¥ sa

harmonic function forall 2= x+23¥

Furthermore, v and ¥ satisfy the Cauchy-Riemann equations
W, (X, ¥) = Wy (X, ¥) = 332_3Y2’and Uy (5, 7) = -V (X, ¥) = -6GXY
weseethat £(z) = Eix+1y) = x*-3x¥) + 13x v-%) s

an analytic function.

Therefore, the harmonic conjugate of @ (¥ = x"-3x¥" s

v,y = 3K ¥-T

Alternative Solution. The

function £(z) = 2’ = (x+ip’ = ¥"-3xy +3 (3% ¥-¥) s analytic

for all values of z. Hence, it follows that both

Re[f (2)] = x -3x¥  and

u X, ¥)

In[£ (2]]

& k] . .
v (X, ¥) 3x"¥-7 | are harmonic functions.

Therefore, the harmonic conjugate of 4w (% ¥1 = x-3xy | s

VXY = 3IN¥-T

Aside. (% ¥) = x'-3x¥ and V(¥ = 3x'¥-¥  The partial
derivatives of ™ (% ¥) are W« (%, ¥) = 3x"-3% gnd W (6 ¥) = -6XY
and the partial derivatives of ¥ (. ¥} are = ¥« (% ¥ = 6xX¥ gnd

vy (6 T) = 3% -3Y They satisfy the Cauchy-Riemann
equations because they are the real and imaginary parts of an analytic

function. Atthe point . ¥l = (& -11 = we
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have u« (2 -11 =9 and ¥y (2 -1) = 2 and these partial derivatives

appear along the edges of the surfaces for v (. ¥) and ¥ (3. ¥)  at the
points (% -1, u(2 -111 and (2 -1, v (2 -11) | respectively.
Similarly, at the point ¢ ¥) = (2 -1) 'we have Y (2 -1) = 12
and ¥« (2 -1) = - 12 and these partial derivatives appear along the
edges of the surfaces for “ (. ¥) and v (x, ¥1  at the

points (& -1, w (2 -1 and (& -1, v (2 -1)) | respectively.

(E,-1) (2.-1)

Figure3.2a “(x¥ = x -3x¥" Figure3.3a v (¥ = 3x'¥-7

10 ¢ 0

-10

(2.1 (2,-1)

Figure32b u(x¥ = x -3x¥  Figure33b v ¥ = 3x'y-v
at 2 -11 we have W« (2. -11 = 3 at 2. -11 we have

vy (2,-1) = 9

13
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(2,-1) (2,-1)

Figure3.2¢c u % ¥ = x-3xy Figure 3.3¢c ¥ (¥ = 3nty-y

at (2 -11 we have W (% -1) = 12

Forthe function f£(z) = fx+1¥) = x -3xy +1(3x ¥-¥) we

seethat ~ W« (& -1) = 3 = % (& -1) gnq

Uy (2,-1) = 12 = -w, (2, -1)
A question about the harmonic conjugate.

If ¥ (x. %) isthe harmonic conjugate of 2 (., ¥)  thenis ¥ (. ¥ s
the harmonic conjugate of u % ¥J ? The following example shows that
this is not the case, and ¥ = ¥) s not the harmonic conjugate

of wix ¥,

Extra Example 3.4. Given the harmonic functions %, ¥} = x' - 3uy

and ¥ (¥ = 3x'¥-¥  and the analytic function

£z = £(xX+1¥) = WL ¥)+0Ww (X ¥

3.4 (a) Show that @(z) = gx+1¥) = ¥(x¥)+Lulx ¥ jsnotan

analytic function.

Solution. We can write

giE]l = g(x+1¥)

VX, F) o+ LUK, )

(Fxfy-v) + 1 -3xy)

14
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Now 7 (1 can be expressed in the form

g(2) = g(x+1i¥) = Uy +1¥(x ¥ where U¥ =3xy-¥%

and Vo, 7 =1-:g—3:-:y2

The partial derivatives of U (x, ¥) and ¥ (x, ¥) gre U« (%, ¥) = 6x¥ and

Uy (x,7) = 3x° -37 gnd Vu(x ¥ =3x° -37¥ and

Wy (%, ¥) = - 6X¥_ Now check out the the Cauchy-Riemann equations
Uy (%, %) = 6XF # -6X¥F = Vy (%, 7]

and Uy (o7 = 3% -3y ¢ -(3%°-33") = - V. (% V) The Cauchy-
Riemann equations hold only at the isolated point < ¥) = (0, 0)
Therefore, £(z) = £(x+2¥) = (3x'¥-¥) -1 (x'-3x¥) jsnotan

analytic function.
We are done.

3.4 (b) Showthat h(z) = hix+1y) = vix¥)-1u ¥ s

an analytic function, for all =.

Solution. We can write

h (=) hix+1v)

VX, ¥) - Lu (X F)

(Fx'y-v) - L -3xv)

(3xiy-v) + Li-x +3x¥)

Now k(21 can be expressed in the form
hiz) = h(x+1¥) = U(x¥) + 1V (x,¥) where U(%¥) = 3x'¥-7

and Vo, ¥ =—:-cg+3:-c3,Ti

The partial derivatives of U ad ¥ gre  U. (x.7) = 6x¥ and

Uy (x,7) = 3x° =37 and  Vulk ¥ = -3x'+37 and

Wy (. ¥) = 6%¥ Now check out the Cauchy-Riemann equations

Ug (%, 7)) = 62y = ¥y (%, ¥7)

and UrGew = 3x o370 = -(-3xt3v) = -V W) e see

15
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that B(z) =hix+iy) = (3x ¥-7) -2 -3x¥) jsan analytic

function, for all =.

We can use complex analysis to show easily that certain combinations
of harmonic functions are harmonic. For example, if ¥ (% ¥ jsa
harmonic conjugate of  (*.¥) | then their product “ (x, ¥) v (X, ¥) s
a harmonic function. This can be verified directly by computing the
partial derivatives and showing that Laplace's equation (3-26) holds, but

the details are tedious. If we use complex variable techniques instead, we
can start with the fact that £ (2] = a(x ¥l + 17 (%, 71 |s

an analytic function. Then we observe that the square of £ (2} is also an
analytic function, which is (£ (2))° = (L) + L4 , Which can
bewrittenas (£ (21)° = @G ¥ - (v oL ¥0T ¢ RZUGL T V5T
We then know immediately that the imaginary

part, #(x ¥ = 2u(x ¥ ¥ % ¥ jsaharmonic function by Theorem
3.8. Since a constant multiple of a harmonic function is harmonic, it
follows that = (x. ¥1 ¥ (x, ¥1 js harmonic. It is left as an exercise to

show that if ™ (%7} and “: (%, ¥) are two harmonic functions that
are not related in the preceding fashion, then their product need not be

harmonic.

Method I. Construction of the Harmonic Conjugate of u(x,y) using

Integration.

We now introduce methods for the construction of a harmonic conjugate

function. The first method uses familiar techniques of calculus.
Check-in Progress-1

Note: Please give a solution of questions in space gives below:
Q. 1 Define Harmonic Conjugate

Solution :
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Q. 2 Give Definition of Harmonic Function.

Solution ;

Theorem 3.5 (Construction of a Conjugate). Let “ (. ¥) be
harmonic in an £-neighborhood of the point (% ¥s1 . Then there exists
a conjugate harmonic function ¥ . ) defined in this neighborhood

suchthat £z} = wix ¥ + 2% ¥ jsan analytic function.

Proof. A conjugate harmonic function ¥ . ¥1 will satisfy the Cauchy-
Riemann equations W« (% ¥) = ¥y (5 ¥) gnd W (5 ¥) = -V (5 7D
Assuming that such a function exists, we determine what it would have
to look like by using a two-step process. First, we

integrate ¥r &< ¥ (which should equal - (*. ¥) ) with respect to ¥ and

v (X, ¥l = J"m; <, 7 dly + Cix)

V(X ¥) = Jux (x, 7)1 dy + C (x) . ]
' where € %) js a function

get (3-27)
of * alone that is yet to be determined. Second, we compute &' (x1 by
differentiating both sides of this equation with respect to * and replacing

¥ (%, ¥) with ~% % ¥) on the left side, which gives

d
Ve (L ¥ = — | W Ly dy o+ CF ()
-:L‘-c,[

a
- . = — « [, dy + C!
ISR L f e G ) Y It can be shown (we leave the

details for the reader) that because u is harmonic, all terms except those
involving * in the last equation will cancel, revealing a formula for

L' (x) involving ¥ alone. Elementary integration of the single-variable
function ©' () can then be used to discover © (x) . We finally observe

that the function ¥ (%.¥) so created indeed has the properties we seek.

Notes

17
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The functions © (x) and ¥ (x.¥) are computed with the formulas:

oo = [[ru e - — ([ woow ay)) ax

V) = Jux 7 Ay + C ()
, and .

Remark. If you prefer a more succinct formula, then the harmonic
conjugate of “ (x. ¥) s given by

v, ¥ = Jux (7)1 dy —Ju? (= ¥ dx - Jjuxx (= ¥ dydx

Proof. Technically we should always specify the domain of a function
when we define it. When no such specification is given, it is often
assumed that the domain is the entire complex plane, or the largest set for

which the expression defining the function which makes sense.

Example 3.6 Show that “ (x. ¥) = x¥' - x'¥ js a harmonic function

and find the harmonic conjugate ¥ (. ¥1

Solution. We follow the construction process. The first partial derivatives
are (3-28) " (x¥ = ¥ -3x'y and W G, ¥ = 3x¥ %" T verify
that 2 (. ¥ is harmonic, we compute the second partial derivatives and
note that — Mxx (% ¥) +Uy (X ¥) = -6X¥ + 6X¥ = 0 go uix, ¥)
satisfies Laplace's Equation (3-26). To construct ¥ (%, ¥1 | we start with
Equation (3-27) and the first of Equations (3-28) and the Cauchy-
Riemann equation ¥y &, ¥) = W (%, ¥) and get

VI ¥ o= J"& (X, ¥) Ay + C0x)

Ju:-c (x, ¥) Ay + Cx)

J(yg—axiyn dy + C(x)

I
— ¥ - =X ¥ + C(x]
4 2

We now need to differentiate the left and right sides of this equation with

d
Ve (¥ = — u, ¥y + CF ()
= ) ,

respect to *, Use

Equation and the Cauchy-Riemann equation -Y 0 ¥) = v« (% ¥) g
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obtain  -3x¥ +x" = 0-3x¥ +C' 0 [t follows easily that
C' ) = %' then an easy integration

1
Cix)l = ngﬂx = Ex*+c

yields , Where ¢ is a real constant. For
convenience, we can choose ==10,
1 3 1 3 3 E__E
VILY) = —X + =¥ - —X¥
Therefore, 4 4 2 ,

The "ghost of the imaginary numbers' - the subtle connection

between Harmonic and Analytic Functions.

When you look at a family of level curves of a real function 4 (. ¥ |
do you naturally think of complex numbers? Certainly, it not the first
thing that pops into our minds. However, it seems to be a subtle fact

when studying complex analysis.

We cannot fail to stress the importance of the harmonic function pair
that is constructed with Theorem 3.4 and Theorem 3.5. The orthogonal
grid formed by the families of harmonic functions and how complex
functions are used to find them is one goal of this book and is discussed
in detail in Chapter 11. In reality, they are constructed with inverse
functions z = £ (" _ It will take a while to feel comfortable with these
concepts and that is why they are studied later in the book. For the time
being do not worry about them, they are merely ghosts of the imaginary

numbers.

For practical purposes, it suffices to consider regions in the Z-plane and

their image in the *-plane. However, the concept of a Riemann surface
as being a "two dimensional manifold™ has been around for a long time.
So it is no surprise that things get sticky. The reader can do research and
see that work being done regarding harmonic functions on Riemann

surfaces (and also on foliations).
1.2.1 Applications of Harmonic Functions

we will introduce the complex potential F (=) = @ (x, ¥) + L4 (x, ¥

which is an analytic function and # (x. ¥ and & (x, ¥) = are harmonic

Notes
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functions. It has many physical interpretations, some of which are listed

below.

Phyrsical Phenormenon # (%, ¥) = constant ¥ (%, ¥) = constant
Heat flow Isotherraals Heat flow lines
Electrostatics Eruipotential curves Fluz lines
Flmid floar Equipotentialz Streamlines
Gravitational field Gravitational potential Lines of force
Ilagrietisi Potential Lines of force
Diffugion Concentration Lires of floar
Elasticity Strain function Stress lines
Crrent flow Potential Lires of floer

Interpretations for the level curves of # (<, ¥ and # (%, ¥J

we will introduce the topic of ideal fluid flow.

We do not have time to explore all of these applications at this time. So

1.3 IDEAL FLUID FLOW

We assume that an incompressible and frictionless fluid flows over the

29) ¥ (x v

= px¥) +1g(x7),

complex plane and that all cross-sections in planes parallel to the

complex plane are the same. Situations such as this occur when fluid is

flowing in a deep channel. The velocity vector at the point % #) s (3-

The assumption that the flow is irrational and has no sources or sinks

implies that both the curl and divergence vanish, that is, (3-30)

B (L ¥ -y 0L F) = 0 gnd B (¥ + % 2L F) = 0 Hence

r (% ¥) ad g (%, ¥) obey the partial differential equations (3-30)

P (% ¥) = -4y (% ¥ (3-30) and

£ Ez:l =

Uy + LV (X ¥ =

Dy (%, %) = dq [ ¥

permit us to define a special complex function: (3-31)

Equations (3-30) are similar to the Cauchy-Riemann equations and

P ¥ - 190 ¥, Here we have (3-
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30) k(% ¥ =P« (% ¥, Uy (¥ =Dy (X ¥ and (3-30)

Vi (X% ¥) = -de (% 7). Wy (5 ¥) = -9y (% ¥ We can use Equations (3-
30) to verify that the Cauchy-Riemann equations are satisfied for
E(e+diy); Wl ¥) =P (LT = -G (57 =¥ %7 gnd

Uy (%, ¥) =Py (% ¥) = 4 (% ¥) = -¥u (% ¥) | Assuming the functions
r (. ¥) and o (%, ¥) have continuous partials, Theorem 3.4 guarantees

that function £ (x+1%) defined in Equation (3-31) is analytic, and that
the fluid flow of Equation (3-29) is the conjugate of an analytic function,

thatis, Yo7 = T(2),

In Section 6.4 we will prove that every analytic function £ (x+21¥) has
an analytic antiderivative ¥ tx+21¥) : assuming this to be the case, we
canwrite (3-32) Flx+1y) = ¢ (x.¥) + 14 (x 7] (3-30) where (3-
30) F'lx+1y) = £x+17) Theorem 3.8 tells usthat ¢ % ¥) isa
harmonic function. If we use the vector interpretation of a complex
number we see that the gradient of # (*. ¥) can be written

as  Trad (XY = Pk (LT + Dy (X7

The Cauchy-Riemann equations applied
to Flx+iy) give #y 357 = - (X ¥) ; making this substitution in

the last equation yields

grad g (€, ¥) = g (5 F) - L, (X, F) = fe KT+ L X7

Equation (3-14) says that #« (. 7] + 24, (%, ¥) = F' (x+21¥)  which by
the preceding equation and Equation (3-32) imply that

gradd (%, ¥) = F' (x+21%) = £(x+317) Finally, from Equation (3-
29), ® %, ¥ s the scalar potential function for the a fluid flow,

so Yiow = gradg (% ¥)

Definition. Given the complex potential ¥ (2} = # . ¥) + 34 (x, 71
The curves (% ¥): ¢ (x, ¥) = constant} gre called equipotentials, and

the curves 1{ix ¥l @ # (x, ¥) = constant} gre called streamlines. They

are used to describe the path of fluid flow.

Notes
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In Section 11.4 we will see that the family of equipotentials is orthogonal

to the family of streamlines.

Example 3.14. Show that the harmonic function # (¥ = x'-¥" s

the scalar potential function for the fluid flow Yooy = 2x-d2y,

Solution. We can write the fluid flow expression

as Y, ¥ = 2x-12y = Zz  Then use the equation

Vix ¥ = £(2). Itiseasy to see that an antiderivative of £ (2) = 2z
is Fz) =2 Therefore, F(z) = 2 jsthe complex potential The real
part of F (2] is the scalar potential function function:

b (x,¥) = Re[F(z)] = Re[x'-% +12xv] = x' -¥ _ Note that the
hyperbolas  # (¢, ¥) = x"-¥" = € are the equipotential curves, and that

the hyperbolas ¥ (x, ¥) = 2x¥ = T gre the streamline curves, these

curves are orthogonal, as shown in Figure 3.6.

Figure 3.6 Red equipotential curves # (. ¥ = x'-v' =€ and
blue streamline curves ¥ (¥.¥) = 2x¥ = C for the complex

potential w = F (2] = z"

Method I1. Construction of the Harmonic Conjugate of u(x,y) using

Algebra.
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Notes
The usual method proposed for finding the harmonic conjugate uses

integrals and derivatives and is shown above as Method I. A second
method discovered by the British mathematician Louis Melville Milne-
Thomson (1891-1974) uses novel algebraic construction. His method
appears in the article On the Relation of an Analytic Function of z to Its
Real and Imaginary Parts, L. M. Milne-Thomson, The Mathematical
Gazette, Vol. 21, No. 244 (July 1937), pp. 228-229, Jstor. A good
reference to read is the recent article, Recovering Holomorphic Functions
from Their Real or Imaginary Parts without the Cauchy-Riemann
Equations, William T. Shaw, SIAM Review, Vol 46, No. 4, 2004, pp
717-718, Jstor.

The Milne-Thomson Method for constructing a harmonic

conjugate. (i) Given the harmonic function “ (*. ¥ then construct
X+L¥ HX+1¥

9 - 1ulz  X+A¥ "
v (% ¥) nf2u 2 21 ”. Under the proper conditions,

¥ (%, ¥) is a harmonic conjugate of “ (% ¥  and

Ex+L¥) = WK T) + 4% (X ¥ = Zu(i, i] —ui(o, 0 .
2° 21 is an
analytic function.
Proof of (i).
(i) Given the harmonic function ¥ (=, ¥ then construct
. X+Ly X+14¥

(x,¥) = Reliz . — .

HEEeE E[l v( 2 21 ” Under the proper conditions,

v (%, ¥) is a harmonic conjugate of “ (. ¥1  and

Elx+1y) =U(X,¥) + 1V (x, ) = 2:‘1v(§, %) 4w (0, 0) i< o

analytic function.

1.4 LIMITATIONS OF THE MILNE-
THOMSON METHOD

Observe that in Milne-Thomson method, the term x* + ¥ will be

transformed into

23
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and that the term ¥ will be transformed

iy L
&
Iu|2 e | - Im[EI]
ti i
= Im[2 1]
. = 2
into Hence the method does not work

if the given harmonic function contains a term that is the real or

imaginary part

1 . .
Log (x+ 1), —, or - . Wwhere 1 is a positive integer.
of M+iy (= +Dym

Hence it is applicable when the analytic function is a power series
centered about the origin. The reader is encouraged to investigate the
origins and limitations of the Milne-Thomson method.

Extra Example 1. Use Methods | and |1 to construct the harmonic
conjugate of w6 ¥) = x'-3xy -x"+¥" +2_ Also, it shows that the

. . . . 2 4
underlying analytic functionis = £z} = 2" -z2" +2

51

~Eh

The orthogonal grid in the =-plane and its image under the analytic

function w=f(z) =g’ -zg'+2,

24




Extra Example 2. Use Methods I and Il to construct the harmonic
conjugate of u(x.¥) = x’-3x¥' -x"+¥ +x_ Also, it show that the

- . - . 2 &
underlying analytic functionis ™= £ (2} = 2" -2"+ 2

-2d -

The orthogonal grid in the Z-plane and its image under the analytic

function w=f(z) = 2’ -2'+z2,

Extra Example 3. Use Methods I and Il to construct the harmonic
Conjugate of wix, ¥ = aytoenty 2t reny -xt eyt e2x a0 .
Also, it show that the underlying analytic function

is w=£f(z) =z*-z2z'-2'+2z+10

Notes
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-Z0R

The orthogonal grid in the Z-plane and it's image under the analytic

function ¥ = £(z) = z*-2z2°-z'+2z2+10,

Extra Example 4. Use Methods | and Il to construct the harmonic
conjugate of w (% ¥) = x'-3x¥ -2x¥_ Also, it show that the

. . . . k] P-4
underlying analytic functionis ¥ = £z = 2" +12"

The orthogonal grid in the =-plane and it's image under the analytic

function w=£(2) = g’ +iz"




Extra Example 5. Use Methods I and Il to construct the harmonic

conjugate of w(x ¥ = e"cos (¥ . Also, show that the underlying

analytic functionis ¥ = £z} = &%,

o
A%
LK

e,

iy,

T

LI

o

LA v
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e
ooy

!
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0
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I

=
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L7
|Iningd

i
et

2

B

&

1

<5
o

AL

T A
s
s
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The orthogonal grid in the Z-plane and it's image under the analytic

function w = £(z) = e®

Remark. There are infinitely many branches of the multi-valued

inverse function 2 = £~ (#  and when the regions are combined, they

will fill up the z-plane.

Extra Example 6. Use Methods I and Il to construct the harmonic

conjugate of w(x ¥ = 3in (x) cash (¥) | Also, show that the underlying

analytic functionis = £ (2] = sin (2}

The orthogonal grid in the =-plane and it's image under the analytic

function w = £(2) = sin (z)

Notes
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Remark. There are infinitely many branches of the multi-valued

inverse function z = £ (W) |
and when the regions are combined, they will fill up the z-plane.

1.4.1 The Complex Plane

The set C of complex numbers is naturally identified with the plane R 2.
This is often called the Argand plane. Given a complex number z = x+i
y, its real and imag- *k > z = x + iy y X % binary parts define an element
(x, y) of R 2, as shown in the figure. In fact, this identification is one of
the real vector spaces, in the sense that adding complex numbers and
multiplying them with real scalars mimic the similar operations one can
doin R 2. Indeed, if o € R is real, then to o z = (o x) + i(0 y) there
corresponds the pair (o x, a0 y) = a (X, y). Similarly, if z1 = x1 +1iyl and
z2 = X2 + i y2 are complex numbers, then z1 + z2 = (x1 + x2) +i(yl +
y2), whose associated pair is (X1 + x2, y1 +y2) = (x1, y1) + (X2, y2). In
fact, the identification is even one of the Euclidean spaces. Given a
complex number z = X + iy, its modulus |z|, defined by |z| 2 = zz* , is
given by p x 2 + y 2 which is precisely the norm k(Xx, y)k of the pair (X,
y). Similarly, if z1 =x1 +iyl and z2 = x2 + i y2, then Re(z * 1 z2) =
x1x2 + yly2 which is the dot product of the pairs (x1, y1) and (x2, y2).
In particular, it follows from these remarks and the triangle inequality for
the norm in R 2, that complex numbers obey a version of the triangle

inequality:

lz1 + 22| <|zl]| + |z2|

1.5 POLAR FORM AND THE ARGUMENT
FUNCTION

Points in the plane can also be represented using polar coordinates, and
this representation, in turn, translates into a representation of the complex

numbers.

Let (X, y) be a point in the plane. If we define r=V( x 2 + y 2) and 0 by 0
= arctan(y/x), then we can write (X, y) = (r cos 0, r sin 0) =r (cos 0,sin 0).

The complex number z = x + 1 y can then be written as z =r (cos 0 + 1 sin




Notes
0). The real number r, as we have seen, is the modulus |z| of z, and the

complex number cos 0 + i sin 0 has unit modulus. Comparing the Taylor
series for the cosine and sine functions and the exponential functions we
notice that cos 0+isin 6 = e 10. The angle 0 is called the argument of z
and is written arg(z). Therefore we have the following polar form for a

complex number z.

Being an angle, the argument of a complex number is only defined up to
the addition of integer multiples of 2z. In other words, it is a multiple-
valued function. This ambiguity can be resolved by defining the principal
value Arg of the arg function to take values in the interval (-, «t]; that is,

for any complex number z, one has
-1 < Arg(z) <.

Notice, however, that Arg is not a continuous function: it has a
discontinuity along the negative real axis. Approaching a point on the
negative real axis from the upper half-plane, the principal value of its
argument approaches m, whereas if we approach it from the lower half-
plane, the principal value of its argument approaches —n. Notice finally
that whereas the modulus is a multiplicative function: |zw| = |z||w|, the
argument is additive: arg(z1 z2) = arg(z1) + arg(z2), provided that we
understand the equation to hold up to integer multiples of 2xt. Also notice
that whereas the modulus is invariant under conjugation |z * | = |z|, the
argument changes sign arg(z * ) = — arg(z), again up to integer multiples
of 2m.

Check in Progress-11
Note : Please give a solution of questions in space give below:
Q. 1 Define the Complex Plane.

Solution :

Q. 2 Define Argument Function.
29
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Solution :

1.6 COMPLEX-VALUED FUNCTIONS

In this section, we will discuss complex-valued functions. We start with
a rather trivial case of a complex-valued function. Suppose that f is a
complex-valued function of a real variable. That means that if x is a real
number, f(x) is a complex number, which can be decomposed into its real
and imaginary parts: f(x) = u(x)+i v(x), where u and v are real-valued
functions of a real variable; that is, the objects you are familiar with from
calculus. We say that f is continuous at x0 if u and v are continuous at
XO0.

Now consider a complex-valued function f of a complex variable z. We
say that f'is continuous at z0 if given any € > 0, there exists a 6 > 0 such
that |f(z) — f(z0)| < € whenever |z — z0| < §. Heuristically, another way of
saying that f is continuous at zO0 is that f(z) tends to f(z0) as z approaches
z0. This is equivalent to the continuity of the real and imaginary parts of
f thought of as real-valued functions on the complex plane. Explicitly, if
we write f =u+ivand z = x+i y, u(x, y) and v(x, y) are real-valued
functions on the complex plane. Then the continuity of f at z0 = x0 +i y0

is equivalent to the continuity of u and v at the point (x0, y0).
“Graphing” complex-valued functions

Complex-valued functions of a complex variable are harder to visualize
than their real analogs. To visualize a real function f: R — R, one simply
graphs the function: its graph being the curve y = f(x) in the (X, y)-plane.
A complex-valued function of a complex variable f: C — C maps
complex numbers to complex numbers, or equivalently points in the (x,
y)-plane to points in the (u, v) plane. Hence its graph defines a surface u
= u(x, y) and v = v(x, y) in the four-dimensional space with coordinates
(X, Y, u, v), which is not so easy to visualize. Instead one resorts to
investigating what the function does to regions in the complex plane.

Traditionally one considers two planes: the z-plane whose points have




Notes
coordinates (X, y) corresponding to the real and imaginary parts of z = x

+ 1y, and the w-plane whose points have coordinates (u, v)
corresponding to w = u + i v. Any complex-valued function f of the
complex variable z maps points in the z-plane to points in the w-plane
viaw = f(z). A lot can be learned from a complex function by analyzing
the image in the w-plane of certain sets in the z-plane. We will have
plenty of opportunities to use this throughout the course of these lectures

Differentiability and analyticity

Let us now discuss the differentiation of complex-valued functions.
Again, if f =u + i v is a complex-valued function of a real variable x,

then the derivative of f at the point x0 is defined by
0 (x0) =u 0 (x0) +1ivO0 (x0),

where u 0 and v 0 are the derivatives of u and v respectively. In other
words, we extend the operation of differentiation complex-linearly.

There is nothing novel here.
Differentiability and the Cauchy—-Riemann Equations

The situation is drastically different when we consider a complex-valued
function f = u+i v of a complex variable z = x+i y. As is calculus, let us
attempt to define its derivative.The first thing that we notice is that Az,
being a complex number, can approach zero in more than one way. If we
write Az = Ax + 1 Ay, then we can approach zero along with the real axis
Ay = 0 or along the imaginary axis Ax = 0, or indeed along any direction.
For the derivative to exist, the answer should not depend on how Az
tends to 0. Let us see what this entails. Let us write f=u +ivand z0 =
X0 +1iy0

we showed that computing the derivative of complex functions written in
aformsuchas £ (2 =z jsarather simple task. But life isn't always
so easy. Many times we encounter complex functions written as (3-13)
f£z) = Lx+1¥) = u(x¥y +1v T, Forexample, suppose we had
(3-13) fi2) = £x+1¥) = (x'-3x¥) +L(3x ¥-¥)  |sthere
some criterion - perhaps involving the partial derivatives

k] & 3 k3
of Wix.¥) =% -3x¥ gnd v ¥ =3x"¥-¥  thatwe can use to
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determine whether £ (2} s differentiable and if so, to find the value of

£ (2) 9

The answer to this question is yes, thanks to the independent discovery
of two important equations by the French mathematician Augustin Louis
Cauchy (1789-1857) and the German mathematician Georg Friedrich
Bernhard Riemann (1826-1866).

First, let's reconsider the derivative of £ (2) = z'. Aswe have stated,
the limit is given in Equation (3-1) must not depend on
how 2 approaches Z, and a calculation similar to Example 3.1

(in Section 3.1), will prove that £' () = 22

i 3

) A
£' (2] = lim
T4% I - Eg
. [Zo+ Zg) (2 - 2p)
= 1li
=3 =) Z - =g

= lim (2 + Z,)
= m)

[Zp + Zp)

2 .
= We can drop the subscript on

Zo toobtain T' (2) = 22 353 general formula.
1.6.1 The Special Cartesian Limits

For the Cartesian coordinate form of a complex
function £z} = E(x+1¥) = ulx¥l +1v 04T jtisimportant to
determine how the function values change as we move along the
horizontal grid line  Zs+4Z = (Xe+4&x) +1¥s gt the point 2o = Xe+ 1 ¥
and how the function values change as we move along the vertical grid

line =Zo+4z = X+ 1 (¥o+24¥) gtthe point Ep o= Mo+ LWy

We investigate these two approaches: a horizontal approach and a
vertical approach to 2« . Recall from our graphical analysis

of w==f(z) =z jp Example 2.12, in Section 2.2, that the image of a
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square is a "curvilinear quadrilateral™ and the images of the horizontal
and vertical edges are portions of parabolas in the ¥-plane. For
convenience, we let the square have vertices Zi = Xa+1¥y=2+1
22=2.0l+1  z;=2+1.014 gngd 2:=2.01+1.013 Then the image

pointsare Wi= W+ ivy=3+48 Wy =3.0401+4.021

Wy =2,9790 + 4,041 , and w:=3.02+4.0602 1 , as shown in Figure 3.1.

i
L0l b — — — — — — — — — o

1.005 z-plane

Zn 21

£.005 £.01

Figure 3.1 The image of a small square under the mapping
W= £(2) =z the vertex zi = 2+1 js mapped onto the

point ™ = 3+41,

We know that £ (z) =z° g differentiable, so the limit of the difference
£iz) - £ (2yg)
quotient Z - g exists no matter how we

approach zi =*s+17% = 2+1 | et us investigate the two special

Cartesian limits.

First, we can numerically approximate £' (zs) = £' (2+21) pyusinga
horizontal increment in =z,

Use 2o =Xo+1¥y=2+1 gnd 21 = Xe+dx+4va= 2.01+1 wwhere

Notes
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iz = &x = .01 to compute the difference quotient.
fizy+42) - £ (zZy)

£' (2+ 1)
" Az

Elz1) - £10z)
Z1 - &y

£(2.0l+4) - £(2+1)
(2.01 + 1) - (2+1)

(3.0401 + 4.0214) - (3+414)
(2.0l+1) - (2+1)

(3.0401-3) + 1 (4.02-4)
(2.01-2) - 1 (l-1)

0.0401 + 0,021
0.0l

4.0l + 21

Second, we can numerically approximate £' (Z:) = £' (2+1) hy using
a vertical increment in Z.
Use &n = Xp+1¥g= 2+ 1 and Zy = X+ L (Wp+Av) = 2+1.011 Where

dz=14y=0.012 to compute the difference quotient.

fizy+42) - £ (=q)
Az

£ (24+4) =

Elz:) - £ (2]
23 — 2

£(2+1.0110) - £(2+1d)
(Z2+1.004) - (Z+1)

(2.9799 + 4,041) - (3+41)
(Z2+1.00L4) - (Z+1)

(2.9799-3) + 1 (4.04-4)
(2-2) + 1 (1.0l - 1)

-0.0201 + 0.041
0.0la

4+ 2.0l 1
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Comparing these two numerical approximations we see

£z1) - £ (2g)

£' (2+d) & —= — " g0l +zi
that Z1-Zp , and
£ - f
Frzaedy o D CEEED s _
Zz - Zy , Which leads us

tospeculatethat ' (2+2) = 4+ 23,

These numerical approximations lead to the idea of taking limits along

the horizontal and vertical directions.

First, we can take the limit along the horizontal direction.

o EiEg e+t - £ (24) ) fil2+Ax+2) - £ (2+ 1)
lim = lim
Aol ik s Aol Ao

(2 +ax +11% - (3+41)

= lim

Al o

1 3+ dax e’ 4D (d+24Ax%) - (3+41)
= 1lm

Al A

o dsw+axt s Zawd
= lim

Al o

= lim (4+Ax + 2 1)
Al

4+ 21

Second, we can take the limit along the vertical direction.

. Eilzp+ 1 Av) - £ (zq) o E(2+n+ndv) - £(2+1)
lim = lim
dy—n 1 hsy Ayl 1Ay

(Z+d+anm? - (34
Ayl b

Fozay-ay' s (dediyld - (3+44)

= lim
Ay 1 Ay
. -Zhy- Ayt +dAvd
= lim
Ayl 1 A

= lim (4 + (2+47F) 1)
Ayl

4+ 21
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Comparing these two limits we see

1 £ lzg+ix] - £(2Zg) )
im = 4 4+ 21
that a0 Ax , and

fiz b I -f(=
Ly {0+ LEY) )
Ayl 1A%y

Since the above two limits were not taken along all possible approaches
to Z¢ = 2+1  they alone are not sufficient to prove

that £'t2+1) = 4+23  pyt they prepare our thinking for Theorem 3.3.
Exploration

We now generalize this idea by taking limits of an arbitrary

differentiable complex function and obtain an important result.

Theorem 3.3 (Cauchy-Riemann Equations). Suppose that (3-14)

£iz) = £x+27) = w7yl + 2v (% ¥) | s differentiable at the
point 21 = s+ 1%, Then the partial derivatives of “ ad ¥ exist at the
point (¥« ¥ | and can be used to calculate the derivative at (% ¥al
Thatis, (3-14) ' (2¢) = Wu (xe, ¥e) + L% (X0, ¥o) | and also (3-15)
£ (200 = vy (¥, ¥o) - 31y (%0, To) | Equating the real and imaginary
parts of Equations (3-14) and (3-15) gives the so-called Cauchy-Riemann

Equations: (3-16) = (e ¥u) = ¥y (X0 To) gnd Yy (Kes Fo) = - Vi (e, Fo

Exploration for the Cauchy-Riemann Equations.

Aside. Both Mathematica™ and Mapl™ can assist us in calculating limits.

Aside. The Mathematica solution uses the command.

E[Z] - £[ =]

Limit] ——— -

, £ =20, ﬁJlﬂl_‘.‘tiE—}True]

£ =]

f[x + 0y ] :=ulx, ¥] + av[x, ¥]

f[x+Ax+0y] - f[x+ 0 y]

Limitl = L:i.m:i.t[ o

; 4% - 0, Analytic — True|

u M,y e v v
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E[x+1 (¥ +4y)] - £[x + L ¥]

- ; &¥ =0, Analytic - True]
I AY

Limit2 = Limit|

R Ll P I el )

Looking at the above limits, and equating the real and imaginary parts

we have the following equations. ~ w*"[x, ¥1 = v"[x, ¥] = and

v, v o= - ut Pk, v

In Mathematica the syntax for partial derivatives can be explained as

( L]

. 1.0 - 1,
follows. In the expression " 1x, ¥1 | the superscript "> means, take

one derivative with respect to the first variable *. In the expression

13

u M, vl the superscript “ means, take one derivative with

respect to the second variable ¥. Similarly, the expressions ¥ """ [, 71

and v Ix, ¥] arethe * and ¥ partial derivatives, respectively.

Therefore, we see that Mathematica can establish the Cauchy-Riemann

equations W= (e Fo) = ¥y (Ke ¥ gnd Wy (Ke; Fo) = - Ve (Ko, To)

We are done.
Aside. The Maple commands are similar.

> Ei= M, ¥ s ulx, ¥+ IvVin, ¥

Ei= (0, ¥) »uix, ¥)+Iv(x, ¥)

15 £+, w1 - £ (%, ¥)
S it i Dy (W) (X, ¥} + IDy (¥} (X, ¥)

Lig DG, THAY) - X, V)
S Ayl Iry -ID: (u} (%, ¥} + D2 {¥) {x, ¥}

Looking at the above limits, and equating the real and imaginary parts

we have the following equations. ~ Pz {w) (x; ¥} = Dz {v) {x, ¥ and

Dy{v) {x, ¥} = -Dz{u) {x, ¥)

Notes

37




Notes

38

In Maple the syntax for partial derivatives can be explained as follows. In
the expression P1 () {(x. ¥) the subscript 1 means, take one derivative
with respect to the first variable *. In the expression Dz (u) (x; ¥} the
subscript z means, take one derivative with respect to the second
variable ¥. Similarly, the expressions P1 (¥} {x, ¥) and Dz (v} {x, ¥}

are the * and ¥ partial derivatives, respectively.

Therefore, we see that Maple can establish the Cauchy-Riemann

equations W« (¥o ¥o) = Vy (X, T gnd Yy (Ko, Fo) = - Ve (Ko, To)

1.7 SUMMARY

We study in this unit complex valued function. We study Harmonic
Function. We study Harmonic Conjugate function. We study Cauchy
Riemann Equation with its examples. We study the limitation of Milne
Thomson Method.

1.8 KEYWORD

Integral : A function of which a given function is the derivative, i.e.
which yields that function when differentiated, and which may express

the area under the curve of a graph of the function

Vortex : A whirling mass of fluid or air, especially a whirlpool or

whirlwind

Conjugate : Give the different forms of (a verb in an inflected language
such as Latin) as they vary according to voice, mood, tense, number, and

person

1.9 QUESTIONS FOR REVIEW

Q. 1 Show that the function w = f(z) = z = x - Iy is nowhere

differentiable.

Q. 2 If/(z) = z 3, show we can use definition (1) to get/'(z) = 3z2.

Q. 3 If fis differentiable at zo, then f is continuous at zO0.
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Q. 4 Let f(z) =fix + iy) = u(x, v) + /V(IC, v) be dijferentiable at the point

z0 = X0 + O™o- Then the partial derivatives of u and v exist at the point

(x0, yo) and satisfy the equations.
ux(x0, y0) = VvUo, yo) and i/v(x0, y0) = -vv(x0, y0).

Q. 5 The function/(z) =z 3 =x 3 - 3xy2 + /(3xy2 - y3) is known to be

differentiable.

Q. 6 Show that the following functions are entire. (a) f(z) = cosh x siny —

i sinh x cosy
(b) g{z) =cosh x cosy + i sinh x siny

Q. 7 Let u(x, y) be harmonic. Show that U(x, y) = u(x, —Y) is harmonic.

Hint: Use the chain rule for differentiation of real functions.

1.10 NOTES

1. Axler, Sheldon; Bourdon, Paul; Ramey, Wade (2001). Harmonic
Function Theory. New York: Springer. p. 25. ISBN 0-387-
95218-7.

2. ™ Nelson, Edward (1961). "A proof of Liouville's
theorem". Proceedings of the AMS. 12: 995. doi:10.1090/S0002-
9939-1961-0259149-4.
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e Weisstein, Eric W. "Harmonic Function”. MathWorld.

e Harmonic Function Theory by S.Axler, Paul Bourdon, and Wade
Ramey

« Evans, Lawrence C. (1998), Partial Differential Equations,

American Mathematical Society.
39



https://en.wikipedia.org/wiki/International_Standard_Book_Number
https://en.wikipedia.org/wiki/Special:BookSources/0-387-95218-7
https://en.wikipedia.org/wiki/Special:BookSources/0-387-95218-7
https://en.wikipedia.org/wiki/Harmonic_function#cite_ref-2
https://en.wikipedia.org/wiki/Digital_object_identifier
https://doi.org/10.1090%2FS0002-9939-1961-0259149-4
https://doi.org/10.1090%2FS0002-9939-1961-0259149-4
https://en.wikipedia.org/wiki/Michiel_Hazewinkel
https://www.encyclopediaofmath.org/index.php?title=p/h046470
https://www.encyclopediaofmath.org/index.php?title=p/h046470
https://en.wikipedia.org/wiki/Encyclopedia_of_Mathematics
https://en.wikipedia.org/wiki/International_Standard_Book_Number
https://en.wikipedia.org/wiki/Special:BookSources/978-1-55608-010-4
https://en.wikipedia.org/wiki/Eric_W._Weisstein
http://mathworld.wolfram.com/HarmonicFunction.html
https://en.wikipedia.org/wiki/MathWorld
http://www.axler.net/HFT.html
http://www.axler.net/HFT.html
https://en.wikipedia.org/wiki/Lawrence_C._Evans

Notes
e Gilbarg, David; Trudinger, Neil, Elliptic Partial Differential

Equations of Second Order, ISBN 3-540-41160-7.

e Han, Q.; Lin, F. (2000), Elliptic Partial Differential Equations,
American Mathematical Society.

e Jost, Jirgen (2005), Riemannian Geometry and Geometric
Analysis (4th ed.), Berlin, New York: Springer-
Verlag, ISBN 978-3-540-25907-7.

1.12 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-I
Answer Q. 1 Check in Section 1
2 Check in Section 3

Check In Progress-11

Answer Q. 1 check in section 5.1

Answer Q 2 Check in Section 6
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UNIT 2: ANALYTIC & HARMONIC
FUNCTION

STRUCTURE
2.0 Objective
2.1 Introduction

2.1.1 Analytic Function
2.2 Entire Function

2.2.1 The Rules for Differentiation

2.3 Real Concepts in Complex Analysis
2.4 Graphical Explorations of Polynomial Approximations
2.5 Basic Properties of Conformal Mappings
2.6 Conformal Mapping
2.7 Summary
2.8 Keyword
2.9 Questions for review
2.01 Suggestion Reading Reference

2.11 Answer to check your progress

2.0 OBJECTIVE

Does the notion of a derivative of a complex function make sense? If so,
how should it be defined and what does it represent? These and similar
questions are the focus of this chapter. As you might guess, complex
derivatives have a meaningful definition, and many of the standard
derivative theorems from calculus (such as the product rule and chain
rule) carry over for complex functions. There are also some interesting
applications. But not everything is symmetric. You will learn in this

chapter that the mean value theorem or derivatives do not extend to
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complex functions. In later chapters, you will see that differentiable
complex functions are, in some sense, much more "differentiable” than

differentiable real functions.

2.1 INTRODUCTION

| think that a real function u(x,y) is harmonic if it obeys that equation. If
it does, then there is another real function v(x,y) that is also harmonic,
and there is a complex function f(x+iy)=u(x,y)+iv(x,y) which is
differentiable. By that, | mean, you can

write f(x+iy)=g(x+iy,x—-iy)=g(z,z )

and dg/oz =0

The harmonic functions are those satisfying the Laplace equation Au=0,
where A=02x+02y is the Laplace operator. Usually one assumes them to
be of class C2 (defined on some open subset of the complex plane, say,
and taking real values; of course one can consider more general
situations), but since any harmonic function admits (locally, which is
enough of course) a harmonic conjugate, they are automatically of

class Ceo.

2.1.1 Analytic Functions

Using our imagination, we take our lead from elementary calculus and
define the derivative of £ (21 at Zo written £' (2a) by (3-

£ (zg) = lim 2 - T
1) =5 Z- g , provided that the limit exists. If it

does, we say that the function £ (z) js differentiable at Zs . If we write

Az =z -2y then we can express Equation (3-1) in the form (3-
£f(zy+A&2) - £ (24)

£' (zg) = lim

2) bz Az . Ifwelet w=£ (2] and
dur
dw=f£ (2) - £ (20) | then we can use the Leibniz's notation 4z for the
T £' (zq) = il = lin el
derivative: (3-3) dz Last Az

Example 3.1. Use the limit definition to find the derivative

of £(z) = z°
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Solution. Using Equation (3-1), we have

E' (2q)

. Ei(z) - £(zyg)

lim —MM —
LR Z - Ep

) =t - zﬁ

lim

Tamy T o- Iy

i i

) (2% + 22y + Z3) (2 -2p)
lim

LT Z - =g

lim (z2 +Z %+ zﬁj
==

(zﬁ + Zp 2 + zﬁj

g
3 Ey

We can drop the subscript

. . H
on Z» toobtain £' (2} = 32" 3sa general formula.

Alternative Solution. Using Equation (3-2), we have

£ (2]

£ (zyg+42) - £ (24

lim
Azl Az
Z +Az1¢ - 2}

Lin FerAE) -

L] h=

L zieazlhzaazy Azt ezt - 2l
i

bzl i

1i 3z%J'l'lz+32.]ﬂzi”lzg
i

hAmal he=

lim (3 zh + 3 2y Az + AZD)
Az
(3zh + 3zy-0 + 05

i
3 Ey

We can drop the subscript on 2: to obtain £' (2) = 3 2’ as a general

formula.

Pay careful attention to the complex value 4z in Equation (3-3); the

value of the limit must be independent of the manner in which 4z =10 |f

A

we can find two curves that end at Z+ along which 4z approaches two

Notes
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distinct values, then 4z does not have a limit as 4z—+19 and

£ (2} does not have a derivative at Z: . The same observation applies to
the limits in Equations (3-2) and (3-1).

Example 3.2. Show that the

function £ (2} = T jsnowhere differentiable.

Solution. We choose two approaches to the point 2« = s+ 2¥s and
compute limits of the two difference quotients. We shall use formulas
similar to (3-1), for calculating the directional derivatives along

horizontal and vertical lines.

First, we approach z» = *s + 1% along a line parallel to the *-axis by

forcing z to be of the form z = x+ 2%

. Erz) - £z ) i+ ayy) - £ 0y +270)
lim —————° = o lim - -
m- 3 E - Zp CotlygdaCprliyg)  (X+ L ¥) - (g +170)
. (- LFn) — (g — L)
= lim

Cotlygd=Cop+lygd [H+ L¥g) - (Xg + L ¥

.l -Ly) - (Ma-Lyy)
= lim -
=y (X -Mp) + 1 (¥ - ¥l

X - Xa
= lim
waxy K o— Hp

Next, we approach 2o along a line parallel to the ¥-axis by forcing 2 to

be of the form 2 = %+ 1 ¥

. Erz) - £(zg) . E(xg+1¥) - £ (X +L7y)
lim —— =~ — "7 = Clim - -
53 Z - Z CogrlwyaCogriog) (Mo + LF) - (Mg +1L70)

. (g -2 ¥) - (Hg - L ¥
= lim

Cxprl viaCxg+lvgd) (X + L ¥F) — (Mg + L)

. (g -1 ¥) - (Hg-L¥o)
= lim -
yavy o (M -Xy) + L0¥ - ¥yl

- L ¥ - ¥l
= lim ————
y=ve 1L (¥ - ¥l
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The limits along the two paths are different, so there is no possible

value for the right side of Equation (3-1). Therefore £ (2] =2 is not
differentiable at the point 2, and since Z» was arbitrary,

£ (z) = T js nowhere differentiable.

Remark 3.1. In Section 2.3 we showed that £ t2) =Z js continuous for

all 2. Thus, we have a simple example of a function that
is continuous everywhere but differentiable nowhere. Such functions are
hard to construct in real variables. In some sense, the complex case has

made pathological constructions simpler!

We are seldom interested in studying functions that aren't
differentiable, or even differentiable at only a single point. Complex

functions that have a derivative at all points in a neighborhood of Z»
deserve further study. In Section 7.2, we will prove that, if the complex
function £ (=) can be represented by a Taylor series at 2« , then it must
be differentiable in some neighborhoods of 2« . Functions that are
differentiable in neighborhoods of points are pillars of the complex
analysis edifice; we give them a special name, as indicated in the

following definition.

Definition 1.1 (Analytic Function). The complex function £ (z)
is analytic at the point 2o provided there is some £+ such that £' (2)
exists for all =&Dl=(2Zs)  In other words, £ (=) must be differentiable not

only at e, but also at all points in some €-neighborhood of 2v.

If £ (21 isanalytic at each point in the region E, then we say that
£ (z) is an analytic function on F. Again, we have a special term if

£ () is analytic on the whole complex plane.

2.2 ENTIRE FUNCTION

Definition 1.2 (Entire Function). If £ (21 js analytic on the whole

complex plane then £ (2} js said to be an entire function.
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Notes
Points of non-analyticity for a function are called singular points. They

are important for applications in physics and engineering.

Our definition of the derivative for complex functions is formally the
same as for real functions and is the natural extension from real variables
to complex variables. The basic differentiation formulas are identical to
those for real functions, and we obtain the same rules for differentiating
powers, sums, products, quotients, and compositions of functions. We
can easily establish proof of the differentiation formulas by using the

limit theorems.
2.2.1 The Rules for Differentiation.

Suppose that f(z) and g(z) are differentiable. From Equation (3-2) and
the technique exhibited in the solution to Example 3.1, we can establish
the following rules, which are virtually identical to those for real-valued

d
— (a+ 1b) = 0, where (a + 1b) iz aconstant

functions. (3-4) d= ’ @
d n n-1 . . .
— 2" = nz", where n is a positie Integer

5) dz B I , (3_
d(( ihy £ (z)] [ by £ (2)
N a hil = = a i s

6) dz ¥ + 1

(3_7)

d
= ((ag+2by) £ (2] + (8;+ Dbl g(=1) = (ag+aby) £' (21 + (8; +1b;) o' (=)
d

, (3_8) E (Efz)gi=z)y) = £' (=20 g(z) + £(=)qg' (=) | (3-
d f f! —f 1
4 f@ _ Zlglz) —f(zig I:z], i et (2) 20

9) & &k (3 (=z))? ' (3-10)

d
— £ (g (2]] E' gz g’ (=)
dz .

Important particular cases of Equations (3-9) and (3-10), respectively, are

d 1 -n . e
——, for = £0, and n iz a positive integer

(3-11) dz zn  zed , (3.12)

di (f (213" = n(f (2))™1 £ (z), where n is a positive integer
z .

4 zfeizz+mnt
Example 1.3. Use Formula (3-12) to calculate dz

Hint. Use £ (2l = zz+1'122+3’ £' (=) = Zz+21'1., and n=4,
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Solution. An easy computation yields

d i 4 d 4
— (2"+12=z+3)° = — (£ (=))
dz dz

= 4(E(z))7 £ (2)
= 4(zt+izz+3) (2z+21)

= (2t +izz+3) (z+ 1)

The proofs of the rules given in Equations through (3-10) depend on the
validity of extending theorems for real functions to their complex
companions. Equation (3-8), for example, relies on Theorem 3.1.

Theorem 3.1. If £ tz] js differentiable at z» then £ (2} is continuous at
Zn .

_ o SELZTED gy
Proof. From Equation (3-1), we obtain === Z - & .
Using the multiplicative property of limits given in Theorem 2.3

in Section 2.3, we

fiz) - £z

lim (f (z) - £(=q)) = lim ———— (= - =)
T3 ) T E) Z = Zn
= lim M lim (2 - Zy)
LR Z - Zp LR
= L' (24) =0

=0
get
) S lim £ (z) - lim £ (z4) = O o
This result implies that === =) , Which in turn
. . lim £ (2] = £ (Zg) . .
implies that == . Therefore, £ (2] is continuous at z»

The Derivative of f (2} 4 {z)

We can establish Equation (3-8)

d
— (E£(21g(z)) = £' (21 g(z) + £ (2] g' (=)
dz * , from Theorem 3.1.
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Notes
Letting & (=) = £ (=) g (2) and using Definition 3.1, we
write

Bt (zg) - lip AR -BGED ) EETE - LE)0E
T E) Z - £ -5 z -z,

If we subtract and add the term £ (s} 9 (2) n the numerator, we get

, Bzl giE) —E0zZg) g2) + £ (2] g2) - £ (2a) T (Z4)
h'! (zy] = lim
RN Z - Zy

. E(E)gi(E) -£(Z4) g (E) . E(Zp) gz) - £ (240 g (2g)
= lim + lim
R E - 5 m) E -
} [E(z) -£(Zp)) g (E] Bz gzl - £ (20) g E))
= lim + lim
T E - 2y =5 E - 2y
_opip BBV CECED L g(z) + lim £ (zy) lin — (z) - T (2a) 4 (Z0)
3T Z - Ep R R EER-T Z - Ep

Using the definition of the derivative given by Equation (3-1) and the
continuity of 9 (2] we obtain
h' (zg) = £' (2e) g02¢) + L (20) 7' (Z0) = which is what we wanted to

establish.
We leave the proofs of the other differentiation rules as exercises.

The rule for differentiating polynomials carries over to the complex
case as well. If we let ¥ (=) be a polynomial of degree ™, so
that P(z) = a + amz+ a3z +a 2 +... + 8.2 then mathematical
induction, along with Equations (3-5) and (3-7), gives
P'(z) =ar+ 23z + 3wz +... + a2 Again, we leave the

details of this proof for the reader to finish, as an exercise.

We shall use the differentiation rules as aids in determining when
functions are analytic. For example, Equation (3-9) tells us that if
P (2)
P (z) and O (2) gre polynomials, then their quotient @ (2) s analytic at

all points where 9 (z) # 0 This condition implies that the

1
. Elz)=— . .
function z isanalytic forall 2+ 0,
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z

| =

The square root function is more complicated. If £z = z% = |z|

. Args)
© "t | then £ (@) s analytic at all points except 2 =10

(because 2rd (1) is undefined) and at points that lie along with the
negative *-axis. Recall from Exercise 17, in Section 2.3, that the

argument function is not continuous along with the negative *-axis.

1
Therefore the function £ (z) = z¥ | s not continuous at points that lie

along with the negative *-axis.

We close this section with a complex extension of a famous theorem,
which is attributed to Guillaume de I'HOpital (1661-1704), the proof will

be given in Section 7.5.

Theorem 3.2 (L'"Hopital’s Rule). Assume that £ (z) and ¢ (21 are both

analyticat 2o, If £(zo) =0 gz =0 and ' (=) #0 then

15 £ izl £' (=zq)
1In =
=% [Z) g' [Za) |

zf sz -1 -31

11
Extra Example 1. Use L'Hopital's rule to find szt - zzs 2

Check in Progress-I

Note : Please give solution of questions in space give below:

Q. 1 Define Analytic Function.

Solution :

Q. 2 Give Definition of Entire Function.

Solution :
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2.3 REAL CONCEPTS IN COMPLEX
ANALYSIS.

Many of the calculus concepts about derivatives are easy to extended to

complex functions. For example, in calculus we learned that the
X+ Ax) - £ (%)
derivative is the limit of the difference quotients dx as

& goes to zero. We can compare our calculus experience with some

new and interesting graphs in the complex plane.

&
_ i Fix) = — szxt
Extra Example 2. Consider the real function & :
which is differentiable, and it's derivative is the limit of
£ (X +Ax) - £ (X)
the real difference quotients Aot
£ o 1p DLEHED - £ )
Axll A

Lo+t vz et o 2xfoz?
= lim d

bwy 0 PN
R W R - ahl ) P Ly E PR S

= lim & k3 4 &

bwy 0 F

_ . . f&uxt 10x? . & s 1
= lim |x " +B6x%x + +BX| A+ + 2| AxT o+ AT e w AT s — A

husll 3 2 &
= x4+ 6x

We can illustrate convergence of the real difference quotients
£ (x+0x) - £ (x)
A by comparing graphs for decreasing values of £,

For illustration purposes we plot
¥ = £(x+ax) - £ (x)
the real graphs ~ Ax for 4x = 1.5 1.0, 0.5 0.1
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£ Axy - £ 3
¥ = [+ L21) mj,f’nrﬂx:-
Fib 2
£ _
¥ o= (x + &%) ftxj,ﬂ:-rﬂ:-::l
N

=
—2; -1 1

_fGxem) £ o1

A ’ 2
_Eedq -0 o1
- Ax ’ T 10

o1
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_2)( o } .
Thegraph of ¥ =f' (x) = x’+6x"

Figure E.E.3. The graphs

v fix+ax) - £ ()
of Ao for

1 1
and —

5
e o= —. l, —
z z 10, where

and the graph of ¥ = £'x) = x"+6x"
By looking at the above graphs we should get a good feeling about
visualizing limits of functions over an interval. In particular, we hope

that this gives you a good feeling about the the formula

£ ) 15 £ ix+x) - £ (x)
X = im .
oy s , Where we have used the function

f(xj=£x5+2xg . .
& in this illustration to get

£ M) - F
£y = j].'imu (x+ ﬂ)x [x) - Wt
]

&
+ 6B

The real function £ %) can be extended into the complex plane by
replacing the real variable * with the complex variable *. The same
algebraic computations are involved in finding the limit of

the complex difference quotients.

=6
£f(z) = ?+zz

Extra Example 3. Consider the complex function

which is differentiable, and it's derivative is the limit of
fiz+aA) - £ (=)

the complex difference quotients Az
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fi(z+4&=) - £ (=)

£' (z) = lim -
=y =

Liz+am1® v 2z eamto %zﬁ—zzg

= lim -°
bzl it
(z5+Ezzjﬂz+[5“4+Ez]ﬂzz+[L“g+2]ﬂzg+5—“2ﬂz*+zﬂz5+iﬂzﬁ
- lim 2 i 3
Azl Az
. £ i * 10z’ s 5zb 4 5
= lim |2 +6Z" + +Bz| Az + +2|AZ" + —— AT+ Z AT+ — AT
Azl &
= 246zt

We can illustrate convergence of the complex difference

f(z+42) - £ (=)
by comparing graphs for decreasing values

quotients iz

of &=, For illustration purposes we plot the
fiz+az) - £ (=)

T =
graphs Az for
1l+1 l+1 l+1 1l+1
Az = 0.4 . 0. . 0. . 0.05
Nz Nz K +Z . We cannot draw a

graph of 2-dimensional space into 2-dimensional space, it is necessary

to choose a domain T in the Z-plane for our graphs.

Zz

sl B

Z1

el

The domain I in the z-plane for the following graphs

Notes
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l+a
N
l+1

Nz

0.40

f(z+Az) - £ (2]

, for A=

Az

0.20

. for Az

fiz+az) - £ (=)

Fikad

l+a

0.10

, for Az

f(z+A2) - £ (2]

Az

l+1

0.05

N

, for A=

fiz+az) - £(2)

Az
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The graphof w=f'(z2) = 2’ +62"

Figure E.E.4. The unit square in the Z-plane, and it's images under the
f(z+4A2) - £ (=)

. o=
mappings iz for
l+1d l+a l+1 l+1
Az = 0.4 , 0.z , 0.1 , 0.05
Wz Jz 'z ¥z where
fiz) = —zf+22°

and the graphof @ = £'(2) = 2’ +6z2"

By looking at the above graphs we should get a good feeling about
visualizing limits of functions in the complex plane. In particular, we
hope that this gives you a good feeling about the the

£1¢z) - lim fiz+4A=) - £ (2]

formula dsd Az , Where we have used the
1 2
. fig) = —z +28° . .. .
function & in this illustration to get
£1o(zy = lip D EFAEN D ELE s o
Y- =] A=

Remark. The final resting place of the points ™. Wz, s, e

w —f'(1+1) B LB,
are m=f£'(l) =7 £ z! 16 3z
wy = £' (1+3) = -4+81 gnd We=f' (1) = -6+

2.4 GRAPHICAL EXPLORATIONS OF
POLYNOMIAL APPROXIMATIONS

Many concepts from calculus will be extended to complex functions,
including the approximation of functions. Derivatives will play an

important role, just as they did in the calculus of real functions. Let us
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give a preview of some things we will be studying. The following three

polynomial approximations are usually discussed in calculus.

¥ =m{X) =% jsanapproximationto ¥ = £{x} = sin (x]

¥o=P (¥} =1-—x . L
’ z! is an approximationto ¥ = f{x} = cos (x]

2
31 isanapproximationto ¥ = f{x) = sin (x)

1
F=Ppzix) =X-_—x
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In the above graphs, is easy to visualize the real functions and their

polynomial approximations sin (x) « pi(x)] = x

co3 (X)] = ppix) = 1 - —x

sin (%) = Pp (X) ?

1
o™ We assume that the reader is

)

familiar with the details for constructing these approximations, or can

easily find them.

However, when we extend these real functions to complex functions,

we must select an appropriate domain T for each function in the Z-plane
in order to construct it's a graph. The following complex function
examples give illustrations similar to the above real approximations but

extended into the complex plane.

Extra Example 4. Given £ izl = sin ()  from calculus we know that
£=0  £' (=1 The Maclaurin polynomial of degree m=1
is prlz) = £(0) + £' (002 Hence, the mapping ¥ = £ () = =3in (2)

, has the "linear approximation" ¥ = p1(zl =z,

ol 2
H-

'
ol -
B

|
a6
H-

The domain ' in the =-plane for the following graphs.
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<

ol
ES
™

W

W=Dp(E)] =2 w=£(2] = 2in (=)

Figure E.E.5. The

) 1 1 1
L= {z=x+:u.§g: —E{x{_, -

1
. =¥ = = . .
domain 2 2 2 } is a square in the 2-

plane, and it images under the mappings ™ = 51 (2) =z and

w=f(z) = 3in (=)

In the last two graphs, one can visualize the complex function

approximation  sini(z) = p1(2) = Z

Remark 1. This is a trivial example of a "linear transformation™ that was
studied in Section 2.1. Also, P1 (2} = Z jsa "linear approximation™ to
w= £ (z) = 3in(2) Remark 2. Complex Taylor polynomials and
approximations will be introduced in Section 7.2. The function

r1 (2} = 2 js the familiar Maclaurin polynomial approximation of degree

n=1 Remark 3. Analytic functions that satisfy £' (=) #0 are

conformal mappings and will be studied in Section 10.1.

Extra Example 5. Given t (2} = coz (2) from calculus we know that

E=1"£"(0=0 £ {00=-1_The Maclaurin polynomial of
f i (Dj :

ope(z) = £(0) + £ (D z+ ——z
degree n=2 js l MY . Hence, the

mapping ¥ = £ (z) = cos (2] has the "quadratic

(z) = 1- =g
m = p:slE) = - — 2
t 5

approximation”
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| o
B

!
el L
]

!
| o
B

The domain I in the z-plane for the following graphs.

1- = 2
W= pp (2] = —Ez -

£ (21 = cos (2]

Figure E.E.6. The

3 3 3
Lo D=z =d+ iyl Qe —, —— «F a4 — 3 | ]
domain { 4 4 4} is a rectangle in the -
(2) = 1- — 2t
e s . m=71n = = - — =
plane, and it's images under the mappings : 2! and

w=£1(2) = co2(2)

In the last two graphs, one can visualize the complex function

¥

cas (2] = pp (2] = 1 - =

approximation z!

Notes
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H

1
Wwe=p; (gl =1-—2" ., | |
: 2! is similar to the

Remark 4. The mapping

mapping ¥ = =" that was studied in Section 2.2. Also,

i

1
= 1- — . . . .
Pe (=) 21 = ISa "quadratlc apprOXImatlon" to w = £ (2] = coz (2]

. Remark 5. Complex Taylor polynomials and approximations will be

L
. . ) ) =1l-_—z"
introduced in Section 7.2. The function Pe (2) Z1 - is the

familiar Maclaurin polynomial approximation of degree =2, Remark
6. Analytic functions that satisfy £' (z) # 0 are conformal mappings and

will be studied in Section 10.1. We will see that the mapping ¥ = 2" js

not conformal at the origin.

Extra Example 6. Given t (21 = sin (z) from calculus we know that
the first few derivativesare ~ £(h =0 £' {0y =1 " £'" {0y =0

£ (0) = -1 The Maclaurin polynomial of degree =3
£y . EVNNID
o+

= £ (D £' (0 T
p: (2) (O + 21002 + — 31 z.Hence,the

mapping ¥ = £ (2) = in(2) = has the "cubic

1 2
= py () = 2 - z

. . w _—
approximation” 3!

The domain T in the z-plane for the following graphs.
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Notes

W= ps(z) =z -

Figure E.E.7. The
D:{Z:}C+J§LY:—E{K{E —E-cc
4 ,

3
. ¥ == . .
domain 4" 4 4} IS a square in the 2-

L
w_pg(zj_z—ﬁz

plane, and it's images under the mappings

and ¥ = £12) = 2in (2]

In the last two graphs, one can visualize the complex function

1L .

zin (=) = p; (2) = z—;z

approximation

Remark 7. Complex Taylor polynomials and approximations will be

_ _ 2
introduced in Section 7.2. The function pe(2) =z 31 is the

familiar Maclaurin polynomial approximation of degree =3,
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Notes
Remark 8. Analytic functions that satisfy £' (21 # 0 are conformal

mappings and will be studied in below :

The terminology "conformal mapping" should have a familiar sound. In
1569 the Flemish cartographer Gerardus Mercator (1512--1594) devised
a cylindrical map projection that preserves angles. The Mercator
projection is still used today for world maps. Another map projection
known to the ancient Greeks is the stereographic projection. It is also
conformal (i.e., angle preserving), and we introduced it in Section

2.5 when we defined the Riemann sphere. In complex analysis, a
function preserves angles if and only if it is analytic or anti-analytic (i.e.,
the conjugate of an analytic function). A significant result, known as
Riemann mapping theorem, states that any simply connected domain
(other than the entire complex plane) can be mapped conformally onto
the unit disk.

Check in Progress-11

Note : Please give solution of questions in space give below:

Q. 1 Define polynomial Approximation.

Solution :

Q. 2 Define limit of complex analysis.

Solution :

2.5 BASIC PROPERTIES OF
CONFORMAL MAPPINGS
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Notes
Let f(z) be an analytic function in the domain D, and let Zs be a point

inD. If £' (za) #0 then we can express f(z) in the form (10-1)
flz)=£f(z) +£' (2] (2-29) +M (2) (2-20)  where " (2) =0 as 22y
If z is near 2», then the transformation ¥ = £ (21 has the linear
approximation % (2} =A+B(z-2)) where 4=£ (2)) and B=£"' (2]
Because of 7 (2) =0 when z— 2 for points near = the transformation

w=1£ (2] has an effect much like the linear mapping =% (2], The effect

of the linear mapping S is a rotation of the plane through the angle

@ = Arg (£' (2431 | followed by a magnification by the factor | £"' (2ol |
, followed by a rigid translation by the vector *+Ezs . Consequently, the
mapping =4 (2) preserves angle at the point 2« . We now show that
the mapping ¥ =t (2 also preserves angles at Z». For a smooth curve
that passes through the point 2 (01 = s we use the

notation C: z(tl = x(t) +1¥ (Ll for -lzt=l A

vector T tangent to C at the point Z» is given by T=z'(0), where

the complex number z' (00 js expressed as a vector.

The angle of inclination of T with respect to the positive x axis is

8 = Argz' (0)

The image of C under the mapping ¥ =t (2} is the curve K in
the w plane given by the

formula E: wit) = uix(t), ¥(Ll) + 1w (x (L), ¥ (L)) \Ne can use

—

the chain rule to show that a vector T* tangent to K at the point

w=f () jsgivenby T = w' (D) = £' (20 z' (0)

The angle of inclination of T with respect to the positive u axis is
w o= Arguw' (00 = Argf' (2,] + Arg=z'(0) = o + ,B’ where

o= Argf' o(zy) |

Therefore the effect of the transformation = £ (2] js to rotate the angle
of inclination of the tangent vector T at 2o through the
angle = = Argf' (24 to obtain the angle of inclination of the tangent

vector T at W =£ () This situation is illustrated in Figure 10.1.
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T

//—._-};\: o+

Sfizp) =wy

Figure 10.1 The tangents at the points zoandw where f(z) is an analytic

functionand £' (2o #0

A mapping ¥=£ (2} issaid to be angle preserving, or conformal at =,

if it preserves angles between oriented curves in magnitude as well as in

orientation. Theorem 10.1 shows where a mapping by an analytic

function is conformal.

10.6 CONFORMAL MAPPING

Theorem 10.1 (Conformal Mapping). Let f(z) be an analytic function

in the domain D, and let 2« beapointinD. If £' (2ol #0 then f(z2) is

conformal at 2.

¥4y

( wp =J (zp)

Figure 10.2 The analytic mapping ™=t (2} is conformal at the point 2s,

where £' (zo) #0
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Notes
Example 10.1. Show that the mapping ¥ = £ (2) = ca3 (2] js conformal at

the points 21= 1 Zx=1 =z:=m+1 gnd, Z+= 1 -1 gnd determine the

angle of rotation given by @ = &rg (£' (z1) at the given points.

|

Solution. Because t£' (2} = - =in (2] we conclude that the mapping
w=co2 (2) js conformal at all points except Z=n7 where nisan

integer.

Calculation reveals

that

£'(z;) = £'(R) = -zin(d) = -dsinhl £ 0,

£'i(z;d = £'(l) = -=2in(l) = -=sinl £ 0,

£'i(zy) = £'(m+1) = -zin(m+1) = Aszinhl £ 0, and

f'iz4) = £'(l-1) = -5in(l-3) = -coshls=sinl + Acoslsinhl £ 0,

Therefore the angle of rotation is given by
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oy = Arg (£' (211) = Arg (£' (1)) = drg (- dsinhl),
o o T

1=

oy = Arg (£' (2:1) = Arg (£' (1)) = Arg(-sinlj,

oy = A,

oy = Arg (£' (=43 Arg (£' (m+ 1)) = Arg (dsinhl),

T
-:t;:—,a.nd
2

oy = Arg (£' (241 Arg(f' (1-2)) = Argi-coshlsinl + icoslsinhl),

Gy = M-arctan (cotltanhl) ,

tyg = Z.6867724Z .

Let f(z) be a nonconstant analytic function. If £' (2s) =0 then 2s is
called a critical point of f(z), and the mapping =t (2} js not

conformal at Zs . The next result shows what happens at a critical point.

Theorem 10.2. Let f(z) be analytic at the point 2o,

If £' (20) =0, £'' (2) =0, .o, £% V(200 =0 gnd £ (241 # 0 then

the mapping ™= £ (2} magnifies angles at the vertex Zs by the factor k,
as shown in Figure 10.3.

4 h
ol 4 LN
- T
AfB 1
N/
G
w = f(z) wy =f(z)

—_— Ay =kAf

Figure 10.3 The analytic mapping ™= £ (2] at point 2o,

where £'izg) =0, ..., £¥ Pz =0 gnd £z £ 0.
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Notes
Example 10.2. Show that the mapping ¥ = £ (2} = z’ maps the unit

square 7 =ix+1¥: O«x«1,0«¥<1} onto the region in the upper half-

plane Im (w) =0 which lies under the parabolas

u=1-_—_+° u=-l+
4

and 2" asshown in Figure 10.4.

Figure 10.4 The mapping ™ = 2’

Solution. The derivative is £' (21 =22 and we conclude that the
mapping ¥= =" js conformal for all z#1. Note that the right angles at
the vertices z1=1, Z:=1+1 gnd 2: =2 gre mapped onto right angles at
the vertices =1 w: =21 gnd ¥:=-1 respectively. At the point
Zo=0 wehave £' (20) =£' (01=0gnd £'' (Z) = £'' (D) =2¢0
Hence angles at the vertex Z» =0 are magnified by the factor ¥= 2. In
particular, the right angle at Zs =9 is mapped onto the straight angle

at wa=0
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Tz_;:: =141

—_ - —~-— > U
70=0 | wy=0 wy =1

I
—
=
I
|
—

4

Another property of a conformal mapping = £ (2} js obtained by
considering the modulus of £' (2«) | If 21 js near s, we can use the
equation £ (zi) = L (Zp) + L' (Zg) (21-2Zy) + 7 (Z1) (21-2Z4) gnd
neglect the term 7 (21} (21-2s) | We then have the approximation (10-9)

Wi-Wy = £ (21)-L£0(2y) = E£'(Zy) [21-EZyg) |

From Equation (10-9), the distance |w.-ws | between the images of
the points 21 and 2s given approximately by £ (o) [121-2s |
Therefore we say that the transformation ¥ =t (21 changes small
distances near = by the scale factor | £' t2s || For example, the scale
factor of the transformation ¥= £ (2) = 2° near the point 2s=1+1 jg

£ Gz | = |22 ] = |2(L+4) | =242

We also need to say a few things about the inverse
transformation 2=9 (v} of a conformal mapping ¥=£ (2} near a

point Z» , where £' (2a) #0 A complete justification of the following

assertions relies on theorems studied in advanced calculus.

We express the mapping ¥= £ (2] in the coordinate form (10-10)

u=u(®, ¥ ad v=w(x, ¥




The mapping in Equations (10-10) represents a transformation from the

Xy plane into the uv plane, and the Jacobian determinant, 7 . #1 | is

T, o= | (e ¥ Wy (X, 7)
defined by (10-11) Ve (X, YDV (%, 7)

The transformation in Equations (10-10) has a local inverse, provided

I (%, 71 # 0 Expanding Equation (10-11) and using the Cauchy--
Riemann equations, we obtain

Wy (Xo, Fo) Uy (Xo, Fol

I (g, Fo)
be L0 Vo (Xo, Fo) Wy (X, ¥o)

W (Mo, Fol Wy Moy Tl - Vo (Xo, Tol Wy (Ho, Vol

. (xl.'l.r Yl]j . (xﬂ.r YI]:I - Wk (xﬂ.r YI]:I (_v:-c (xﬂ.r Y'I]jj

W (Mo, o)+ Ve (o, ¥l

| £ (24 |

Consequently, Equations (10-11) and (10-11) imply that a local
inverse =19 (W exijsts in a neighborhood of the point ™ =t (Z¢)  The

derivative of g(w) at ™ is given by the familiar expression

L T =z -z = -2
g (W) = Lig -9y Y- lim !
) W -0 Wy W - T =53y W - Ty
T -z fizi-£f (=
- lim — - —=  _ 1im1/[u
=3y £ (2] - £ [Zy) = Z -2y
£f(e1-f (=
- l/[lim M]
=gy - I
1
SO (zy)
1
£ (g (wyl)

2.7 SUMMARY

In this unit we study analytic function and its examples. We study the
differentiation of complex analysis. We study the entire function and its
examples. We study conformal mapping and its examples. We study
rules for differentiation.

Notes
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2.8 KEYWORD

Conformal: Preserving the correct angles between directions within small

areas

Mapping : An operation that associates each element of a given set (the

domain) with one or more elements of a second set (the range)

Entire : Not broken, damaged, or decayed

2.9 QUESTIONS FOR REVIEW

Q. 1Given tz) = co=(2) from calculus we know that £ (01 =1

£1(0)=0 £''(0)=-1,

4 ztrazz+mnt
Q. 2 Use Formula (3-12) to calculate dz
Q. 3 Given tz) = sin(z) from calculus we know that £ (1) =10
, L' 01 =1_The Maclaurin polynomial of degree n=1

is pLlz) = £(0) + £' (D) z,

2.10 SUGGESTION READING AND
REFERENCES

e Evans, Lawrence C. (1998), Partial Differential Equations,

American Mathematical Society.

e Gilbarg, David; Trudinger, Neil, Elliptic Partial Differential
Equations of Second Order, ISBN 3-540-41160-7.

e Han, Q.; Lin, F. (2000), Elliptic Partial Differential Equations,
American Mathematical Society.

e Jost, Jurgen (2005), Riemannian Geometry and Geometric
Analysis (4th ed.), Berlin, New York: Springer-
Verlag, ISBN 978-3-540-25907-7.

2.11 ANSWER TO CHECK YOUR
PROGRESS
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Check In Progress-I
Answer Q. 1 Check in Section 1.2
2 Check in Section 2
Check In Progress-11
Answer Q. 1 Check in section 4

Answer Q 2 Check in Section 3

Notes
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UNIT 3: APPLICATION OF
HARMONIC FUNCTION

STRUCTURE

3.0 Objective

3.1 Introduction

3.2 Application of Harmonic Function
3.3 Poisson’s Integral Formula

3.4 Mean Value Theorem

3.5 Maximum and Minimum Principal
3.6 Summary

3.7 Keyword

3.8 Questions for review

3.9 Suggestion Reading And References

3.10 Answer to check your progress

3.0 OBJECTIVE

The techniques described here require that the vector be mapped to a
point in conguration space [17]. The vector acts in Cartesian space, and
its conguration can be expressed in terms of joint positions. The path
planning problem is then posed as the construction of an obstacle-
avoiding path from a start point to a goal point in conguration space (C-
space). A bitmap representation of the workspace space for computing
the desired harmonic function. Figure 1 illustrates the conversion
process: a Cartesian space grid is constructed which contains information
about obstacles and goals. Two bits are used for each grid point: one bit
designates obstacle points, while the other represents goal regions. Zero

is used to denote freespace. Both the obstacle and the goal regions can be




arbitrarily shaped up to discretization. C-space bitmaps are rst initialized
to O (freespace). Then for each C-space bitmap pixel, the equivalent
pixels in the Cartesian bitmap are checked using the manipulator forward
kinematics. If any of the corresponding Cartesian pixels are occupied,

then the C-space bitmap pixel is marked as occupied.

3.1 INTRODUCTION

A wide variety of problems in engineering and physics involve harmonic
functions, which are the real or imaginary part of an analytic function.
The standard applications are two-dimensional steady-state temperatures,
electrostatics, fluid flow, and complex potentials. The techniques of
conformal mapping and integral representation can be used to construct a
harmonic function with prescribed boundary values. Noteworthy
methods include Poisson's integral formulae; the Joukowski
transformation; and Schwarz-Christoffel transformation. Modern
computer software is capable of implementing these complex analysis

methods.

Harmonic functions are solutions to Laplace's equation. Such functions
can be used to advantage for potential-eld path planning since they do
not exhibit spurious local minima. Harmonic functions are shown here to
have a number of properties which are essential to robotics applications.
Paths derived from harmonic functions are generally smooth. Harmonic
functions also o er, a complete path planning algorithm. We show how a
harmonic function can be used as the basis for a reactive admittance
control. Such schemes allow incremental updating of the environment
model. Methods for computing harmonic functions respond well to
sensed changes in the environment and can be used for control while the
environment model is being updated. Potential elds were promoted by
Khatib [4] for robot path planning. Other authors [5; 6; 7; 8; 9; 10] have
used a variety of potential functions for similar purposes. Unfortunately,
the usual formulations of potential elds for path planning do not preclude
the spontaneous creation of minima other than the goal. The robot can
fall into these minima and achieve a stable conguration short of the goal
[4; 8; 11; 12; 13]. Koditschek [10] showed that this need not be the case

Notes
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in certain types of domains. Connolly, et al. [2] , and independently
Akishita, et al. [14] described the application of harmonic functions to
the path-planning problem. Harmonic functions are solutions to Laplace's
equation. This paper describes harmonic functions and their application
to various robot control problems. Harmonic functions are shown here to
have several useful properties which make them well suited for robotics
applications: Completeness (up to discretization error in the environment
model) Robustness in the presence of unanticipated obstacles and errors
Ability to exhibit dierent useful modes of behavior Rapid computation
(computed as oltages in a resistive grid [15] ) In addition, harmonic
functions can provide fast surface normal computation and geometric
extrapolation. The method described here is a robust form of reactive
path planning. Other techniques [13; 16] require substantial o-line
computation which prohibits the system from reacting well to
unexpected changes in the environment. In contrast, harmonic functions
allow the model of the environment to be updated incrementally.
Therefore, incomplete or non-stationary environmental models can be

modified on-line during execution.

3.2 APPLICATION OF HARMONIC
FUNCTION

Example 2.1. Find the function u(Xx,y) that is harmonic in the vertical
strip 2= Ee () < b gnd takes on the boundary values (&, ¥ = for
ally,and ., ¥ =U: forally, along the vertical lings *=a ad x=b

respectively.




Solution. Intuition suggests that we should seek a solution that takes on

constant values along the vertical lines of the form * =X and

that u(x,y) be a function of x alone; that is, w(x,¥1 = F (x1 for

azx=b and for all y. Laplace's equation, Y (¥, ¥} + Wy (%, ¥) = 0

implies that ¥'"' (x1 =0 'which implies ? (x1 =1nx +

where m and c are constants. The stated boundary conditions

ufla, ¥) = Fa) =W gnd uib, ¥ = F(b) = T: Jead to the solution
U -1,

U+ —— (X -a)
b-a . The level curves w ix, ¥1 = constant gre

ux, ¥)

vertical lines as indicated in Figure 11.1.

¥ u(x, y) =constant

=
=

(a, v} = U, ulh, y) = U,

Figure 2.1 Level curves of the harmonic function

U -,

uwiE, ¥l = U+ (X -al

-4a

Example 2.2. Find the function T (. ¥1 that is harmonic in the sector
U< Aarg izl <o gnd takes on the boundary values % tx.0) = L1 for x >

0, ®&x,¥) ="C: forall pointsontheray £=0,&=u,

Notes
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Solution. Recalling that the function &rgz is harmonic and takes on
constant values along rays emanating from the origin, we see that a
solution has the form ¥ (. ¥) = a + bargz = where aand b are

Oy - Cy
Tx, ¥ = Co+

- Fy
constants. The boundary conditions lead to e

. The level curves ¥ (%, ¥1 = constant gre rays emanating from the
origin as indicated in Figure 11.2.

w(x, v) =constant

/

wix, vi=0
along the ray
r=0,0=a

_—
oif-

Y

wix,0)=C,
forx =0

Figure 2.2 Level curves of the harmonic function

C: -C1

T (¥, ¥l = C1 + Arg =

A specific example of the general case. Find the function % (=, ¥1 that is

2
0= Aryg (2] =« —

harmonic in the sector 3 and takes on the boundary
values T .01 =1 forx>0, %ix.¥1 =7 forall points on the ray
am
r = |:|,- g= —0
3

l2 ArcTan[x, ¥]
Contour plot for u[x,¥v]

1+

s

2
for 0 <« Argi=z)l = 3

12 ArcTan[x, ¥]

+

iy
where o = {2, 3,4, 5,6, 7,8, 9!
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Example 2.3. Find the function & ¥+ ¥1 that is harmonic in the
annulus £ % 1 21 % B and takes on the boundary values
F(x,¥) = E1 when |21 =l,and E(x, ¥ = K& when

lz| =R

Solution. This problem is a companion to the one in Example 2.2. Here

we use the fact that 1n1 2 | jsa harmonic function, forall Z# 0. The

E:, K
F®,¥) =K1+ ——1In|=

solution is InE

, and the level
curves ¥ (x, ¥) = constant gre concentric circles, as illustrated in Figure

2.3.

¢ (x, y) =constant 4

L7
X

Y when |z| =1

h

Figure 2.3 Level curves of the harmonic function
E; K
1InE

Z

Flx, v = K + 1n

a specific example of the general case. Find the function % (x- ¥) that is
harmonic in the annulus 1 <121 =< 4 and takes on the boundary values

2,7 =1 when 12l =1 and #,¥ =& when lzl =4,

Notes
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Notes
Applications involving similar formulas will be found.

5 Lng['\-' L ]
Log[4]

Contour plot for uf=,¥] = 1+

5Lng[*,n'xz+yi]
Log[4] )
where c = {1, 2, 3,4, 5, 6}

1+ (o]

Poisson’s Integral Formula for the Upper Half-Plane

The Dirichlet problem for the upper half-plane Iz (21 =10 jsto find a
function # (. ¥1 that is harmonic in the upper half plane and has the
boundary values # (%, 8) =T (x) 'where U (x] ijs a real-valued function
of the real variable x. An important method for solving this problem is
our next result which is attributed to the French mathematician Siméon

Poisson.

3.3 POISSON’S INTEGRAL FORMULA

Theorem 3.1 (Poisson's Integral Formula). Let U be a real-valued

function that is piecewise continuous and bounded for all real t. The

¥ it
'I'EH;YJ=—F—2 i .
Adain -1t ey is harmonic in the

function (11-12)
upper half plane In () = 0 and has the boundary values

B x, 00 = Tixd wherever U (x) js continuous.
Proof.

Equation (11-12) is easy to determine regarding the Dirichlet problem.
Lettl <t2 <--- <tN denote N points that lie along the x-axis. Lett * 0 <
t« 1 <-.- <tx N be N + 1 points chosen so that t x k—1 <tk <tx k, fork =

1, 2,..., N, and that U (t) is continuous at each value t * k.

O(x,y)=U(@*N)+1/nYp_. Utxk-1-U(t*k)Arg(z—tk) (11-
13)

78



http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Poisson.html
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Poisson.html
http://mathworld.wolfram.com/PoissonIntegral.html
http://mathfaculty.fullerton.edu/mathews/c2003/poissonintegralplane/PoissonIntegralTheorem.1.pdf

Example 3.1. Find the function # (=, ¥) that is harmonic in the upper

half-plane I (z) =0 which takes on the boundary values

dix, =1 for -1=x=1;
g, 00 =0 for |=]| =1.

Solution. Using Equation (11-12), we obtain
1 1

b, Y =~ [ ————ar _

Tl (X-Tliey Using techniques from calculus we

¥
have the integration formula J (®-t)t+yt

dt = Ar-:tan(

)
x-t' \We

obtain the solution as follows

1 ¥ £-1
# 0,70 = = [Arctan ] |
by -t
t=-1
= —Arctan[ z ) - —Erctan( k ]
L x-1 .y *x+1
me] = 1
¥ ot ure]
Blx,¥] = x Jaiiotagt
ArcTan[ﬁ] ArcTan[ﬂ]
plx,¥] = - Ly L
T s
ArcTan[L] ArcTa.n[ ¥ ]
tlx¥] = = - =
s s

Using the trigonometric identity arctan (-t) = -arctan (t) the above
¥

o, V1= %arct&n( :| —iarct&n(

result can be written as

We can verify some of the boundary values by taking limits.

-1 m x+ljl.

Notes

79




Notes

plx,¥] = - +

lin ¢[-2,¥] =0
il

lim @[ —,¥] =1
¥l

lim ¢[0,7] =1
=l

11 'I'[l 1 =1
1im — =
ot 2 ¥

lim @[2,¥] = 0O
¥l

Contour plot for

AY cTan’ % ] ArcTan[ 1-x

$[%,¥] = - * !
T T

]

The contours are

ArcTa.n[ % ] ArcTan ’ l:‘

ArcTan[%] ArcTan[%]

Bx,¥] = - +
T T

l-=
¥

]+iArcTan l+x]

1
[#, ¥] = — ArcTan[ .
m m ¥ is

g
Therefore, the function

harmonic in the upper half-plane Inlz] =10 and takes on the desired

boundary values.

Extra Example 1. Find the function # (%, ¥) that is harmonic in the

upper half-plane I (=) =0 which takes on the boundary values

|I|(x,lilj=x2, for -1 =% = 1;
gk, 00=0, for |=|] = 1.

S
T

T,
i
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Notes
Enter the function U[t] and use the Poisson integral to construct # (%, ¥)

U[t] = t* for -1zt =1
o] = 1 for |t] =1
¥ ULt
gl o= = | ————a
[x,7] - .[:[:-:—tji+'_igi t
T P [J‘l [4iy+ (-1+x° - 7') Log[1- 201w | + (23" + ¥ Log[1+ 2lex) | +
Zm ¥
Lugll_M]_szDg[l_M]+YgLugll_1(l+x)]_LDg[l+1(l+x)l+x2LDg’l+1(l+x)]_
YELDQ[1+—j(l+xj]—ZLDQ[—E]+2LDQ[EI+2:|'1:-:YLD'J[E—l+xJE+Y2]—21xyLng[(l+x)z+yz]]]
¥ ¥

#lx,¥] =
-— |2 [4dy+ (-laxt -y Lﬂg[l-M]+(l—xi+YiJ Log[l+—i (_l+x)]+Lng[l——j (l”'::']-:-:2 Lng[l__jl (Lex) 1,
. . . ¥ . ¥ ¥
YELUg[l—M]—LDg[l+ 1(l+x) ]+:-c2 Lng[l», 1(l+x) ] —YiLng[l+ 1il+x) I-
¥ ¥ 7 ¥ "

an[j]zLiz'Lliiz-Llaz
U-; +2log i ixylog[(-1+x) +¥ | -2ixvLlog[(l+x) +7 ]

lim g[-2,¥] = 1
-
vin 1y - 2
im o[ — —
o > Iy 2
lim @[0,¥] =0
bl
1i 'Il[l ] .
im g[— = _
i 2;? 1
lim @fZ,y] = 1
bl
Contour plot for
Blxy] = -—— [1 [4:'1y+ (1ot -ty Bog[L - EEEU Lt gy, BELE0 )
2 ¥ _
Log[l_ i (1 +x) l_xILog[l-Ml+Y2 Log[l_w] _Log[“Ml e Log[1+ i (1 +x) l‘
K4 s v - —Y
YtLoq[h—l Sl ]—2Log[-1] +2L0g[£] +21xYLOg[(—l+th+Yt]—21xyLog[(l+x)i+yi]]]
¥ 7 ¥

The contours are
A (-1+x)

1. : [ 1 (-1 +x) i s
-—— (1 (4 13 y+(-1+x -y ) Log[l-———— " ]+(1-x"+¥") Log[le—— " ]+
Zm -
Log[l-M]_xz Log[l-M]wz Log[l- (1 +x) |-Loglls 1 (1 +x) Joxt Log[l+1 (L+x) .
¥ E—
: i(l+x) i i _ L _ O
¥ Log[le ———— ] -2 Log[-—]+2 Log[—]+2 1 x v Log[(-l+x)"+¥ ]-2 & x v Log[{l+=x)"+¥ ])1)==cC
¥ ¥

¥

b {0113213?491}

vhere ¢ = e A S A
" s w5 2z s s 10’
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7] = -— [1[a2ye Lo o g tog1- 2L (ot sty neg1 220
am ¥ —Y
Lng[l_ i (L+x) ]—xiLDg[l_ i(l+x) ]+Yz Log’l_ 1(l+x) l —LDg’l+ 1(l+x) ] " Lugll+ i(l+x) I'
¥ ¥ ¥
yiLog’l+ 1ien) ]—2Lugl—£l+2L0gl£l+21xyLDg[(—l+x)i+Y2]—ijYLDg[(l+x)2+Yz]]]
¥ ¥ ¥

Therefore, the function #[x. ¥1 is harmonic in the upper half-plane

In[z] = 0 and takes on the desired boundary values.

Check in Progress-I

Note : Please give solution of questions in space give below:
Q. 1 State Poisson’s Integral formula.

Solution :

Q. 2 State Poisson’s Integral formula for the upper half-plane.

Solution :

Example 11.12. Find the function # (=, ¥1 that is harmonic in the upper

half-plane Im (21 = 0 which takes on the boundary values

g, 01 =x for -l=xx=1,
flx, =0, for |=x] =1.

ot
e T
o e

e
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Solution. Using Equation (11-12), we obtain

1 t
E [EE— |k
oy -t eyt

P (x, ¥

¥ ortoE-t) (-1) at ot ¥

—  dt
ol -ty oy k-t eyt Using

techniques from calculus we have the integration formulas
(% -t) (-1)
(- t)E 4yt

4

1 &
dt = Eln((x—tj +¥)

¥
—  — At = Arctan
, and J x-t)f+yt ( x - t] . We obtain the solution as

follows

_— -1 " ¥ e

;[Eln((x—tjz+}*2)] | + _(Arct&n( ]] |
t=-1 t=-l

g, ¥

¥ [cx—lni * f]

= — Inf— =
[+ 108 4 5
The function # <. ¥) s continuous in the upper half-plane, and on the

+ iEu:u:ta:rl[ ki ] - iE!u:u:ta:n(

2 T *x -1 T x+l]

boundary # (=, 01  except at the discontinuities * = t1 on the real axis.

The graph in Figure 11.14 shows this phenomenon.

Figure 11.14 The graph of # (x. ¥J with the boundary

¥, for -lexa=1l;

'HK’EU:{D for | x| =1.

values

2

Enter the function U[t] and use the Poisson integral to construct # (%, ¥)

Notes
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Ule] = t

¥ o[t ufr]

Ble,y]l = = | ————
' moJda -t eyt
-1l-x 1-x
KAICT&H[T] HAICTELH’T vlog[l-2x+x' +¥ ] vlog[l+2x+xf+¥]
Bl¥]l = - + * -
i T 2. 27
¥ T
" ] XAI':TEH[_I_!] xju:cTa.n[l_x] YLDg[l—ZK+xI+YI] YLDg’[l+2x+:{i+Yi]
¥ = - + -

s i 27 2

Using the identities

arctan (-t) = —arctan (t) and 1ln IZEII =1n (al - 1ln (b) the above result

can be written as

'ﬁKX,YJ:iarctan[ ki ]—iarcta_n[ ]+iln[ﬁx—ljz+yz
ks

-1 T o+ 1 2 [+ 108 + i
. However, for computing values of ArcTan we use the two variable

forms of the function and the following version of #[*. ¥l . We can

verify some of the boundary values by taking limits.

v Log | Lttt
wArcTan[-1+x, ¥] wArcTan[l +x, ¥] (L E ot
B[=,¥] = - +
i b 2

lim ¢[— =0

o o[ > + 7l
Lim [0, y] :

1m _— = - —

bl 4 ¥ 4
lim ¢[— 7] !

1m = - —

o z ¥ 2

lim @[0,¥] =0

¥l

lim @ L ] L

1 — = —

pravty z ¥ 2

lim ¢ ’ ] ’

im — = —

i 2’t 4

3
lim — =0
L1 il > £ 7]

Contour plot for

v Log | Lt |
warcTan[-1+x, ¥] waArcTan[l +x, ¥] (L E gt
Bl=,¥] = - +
iy g Zm
=Ly Eayt
¥AarcTan[-1 +x, ¥] *aharcTan[l+ =, ¥] YLDg’ i Loy Lyt ]
B, ¥] = - +

T T 2m




Notes
Therefore, the function

¢|(x;yj=;arctan( ki ]—iarctan(

® -1 ;T =+ 1

¥ [c:-:—l:u*w*2
]+—ln _—
2

[+ 1718 & i
is harmonic in the upper half-plane Inlz] =10 and takes on the desired

boundary values.

Example 11.13. Use Poisson's Integral formula to find the harmonic

function # (%, ¥ that is harmonic in the upper half-plane I (=} =0 that
ik, 01 =-1, for x=z=-1,
fix, 01 =x, for -lzazx=zl;

takes on the boundary values ¢ i, 8) = 1, for  l=x.

o [=,
ok [ 3]

Solution. Using techniques from Section 11.2, we find that the function

1 ¥ 1 ¥
v, ¥l = 1 - —Arctan( ] - —Arctan( j] . L.
T X+l At -1 is harmonic in

the upper half-plane and has the boundary values
wix, 00 =0for | x| <=1, wix, 01 =-1, forx«-1,
v (x, 00 =1, forl = x> 1. This function can be added to the one in

Example 11.12 to obtain the desired result:

1 1 x_li i
'ﬁ(K;Y):l——Arctan( Ll )_ _Arcta_n( ki )+ Yln[( J +Y]
m x-1 m x+l Zm (X +1)8 4 ¥t
® x
+ —Arctan( El ] - —Arctan( ki ]

T -1 T x+l

- x x_li i
= 1 + Arctan( Ll :] - Arctan( Ll :] + —Y ln[—( )+ ¥ ]

;T x-1 T ®+1 2 (x+11% 4 3t

Figure 11.15 shows the graph of # (=, ¥1
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Figure 11.15 The graph of # (=, ¥)

This is similar to Example 11.17, but the method of solution is different.

Using techniques from Section 11.2, the function

v(x,y):l—iarctan( ki j]—iarctanlz ki
by

x+ 1! = X - 1) is harmonic in the
upper half plane and takes on the boundary values

v (%, 01 =-1 for x=-1,

vix, =0 for -1l=x=1,
vix,00=1 for lex. Thus, we should add it to the solution
# %, ¥) in Example 11.12 to obtain the desired result. However,

with Mathematica we need to use

¥

Arefanlxs 1, 7] dnstesdof AICTm[m | . Enter the function UJ[t] and

use the Poisson integral to construct # (%, ¥

Ut] = t
ArcTan[-1+x, ¥] ArcTan[l +x, ¥]
Wx,¥] = 1- -
m m
¥ o[t ue]
o, 7 = L[ e vk, v
Aoty
oy 1-x
Yo L xm:c:Tan[ " ] XAICTan[T] ArcTan[-1+x, v] ArcTan[l+x, v] vlog[l-2x+x*+v'] wlogll+Zx+xisv]
=1- + - - + -
! . s E E Zm Zm
¥ ¥
o 1 1 X‘MCTBD[ -\l—x] X‘MCTED[E] ArcTan[-1+x, ¥] ArcTan[l +x, ¥) ¥Llog[l-&x +xt +yt] YLUg[l+2X+XI+Y2]
X =1+ - - - + -
¥ Es m e e 2 Za

Contour plot for

B 1w 1ox 1-g wriay?
® ( ju:cTa.n’ v ] +Ju:c:Ta.n[ ¥ ” ArcTan[-1+=, ¥] + ArcTan[l +x, ¥] ¥log Lt spmtqard
Blx,¥] = 1+ - +

Ei E Zm

=l-x 1-x 1-i ;-;.\\.;-;2.'.3(t
® (‘A“Tan’ v l ’““‘ICTan[T J AreTan[-1+%, 7] + ArcTan[l+x%, 7] YLW[ Lot ot
dlx,¥] = 1+ - +
b ks 2
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Therefore, the function

=, ¥] =1 + i [Ar:Tan’li] —ArcTan’i]]
by Y ¥

1
- — (arcTan|[-1 +x, ¥] + ArcTan[l+x, ¥])

T
i l—2:-:+:-:2+}Tz
+—L|:|g[ ]
2 1+ 2 + =% 4+ 9t

Im[z] = D

is harmonic in the upper half-plane , and takes on the

desired boundary values.

Extra Example 2. Use Poisson's Integral formula to find the harmonic
function ® (¥ ¥) that is harmonic in the upper half-

plane T2 (2] = U that takes on the boundary values

g, 0 =-1, for w=-1;
|I|(x,EI)=xg, for -lz=x=1l;
fx, 00 =1, for l=x.

o
't*'*
(2o

Notes
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mt] = -1 for t = -1
U] = t for -lstsl
Ue] = 1 for £=1l

ArcTan[-l+x, ¥] ArcTan[l +x, ¥]
Wix,¥] = 1- -

B B

vt U
#lx, 7l = J—cﬂtw[x,y}
1f-t)ieyt

xgﬁrcTan’ﬁ] SXYEAICT&n’ﬁI xgﬁrcTan’ﬁ] SXYEArcTan’ﬂ]
v v ! v ¥
m m m m m

axy

ArcTan[-1+x%, ¥]
Bxy] = e — - L

arcTan[l+x, v]  3x*vlog[l-Zx+x'+v'] ¥ log[l-zZx+x'+v'] axlvlog[lezx+xb+v'] v log[l+zZx+x®+vt)
+ - - +
s am am am am

axy ) xgﬁrcTan[ﬁ] ] SXYEArcTan[ﬁ] ) xgﬁrcTan[ﬁ] ) SXYEArcTan[ﬁ]

ArcTan[-1+x%, ¥]
Blesy] = e — - -

7 7 7 7 7
arcTan[l+x, v]  3x*vlog[l-Zx+x'+v'] ¥ log[l-zZx+x'+v'] axlvlog[lezx+xb+v'] v log[l+zZx+x®+vt)
+ - +

s am ) am am am

Contour plot for

xgﬁrcTan[ﬁ] SXYiArcTan[ﬁ] xgﬁrcTan[ﬂ SXYiArcTan[ﬂ
b b v

dny ¥ ] ArcTan[-1 +%, 7]

plx,y] = 1+

B B B B B

ArcTan([l +x, ¥] 3xiyL0g[l—2x+xi+yi] YjLog[l-2x+xi+yi] 3xiyL0g[l+2x+x2+yi] YjLog[l+2x+xi+yi]
+ - - +

kS am am am am

4xy xﬁrcTanl%l Sxyi ArcTanl%

byl = le— - ; ; i
m m m m m m

i 1-x
3y ArcTaanl ] hreTan[-1+%, ¥) ]

AreTan[l +%, ¥] 3xiyLog[l-2x+xt+yi] ygLog[l-2x+xi+yi] SHiyLog[l+2x+xt+yi] ijog[l+2x+xi+yi]
+ - - +

by r ir r ir

Therefore, the function B [x, ¥l IS harmonic in the upper half-

Infz] =0

plane , and takes on the desired boundary values.

3.4 THE MEAN-VALUE THEOREM

The Mean Value Theorem is one of the most important theoretical tools
in Calculus. It states that if f(x) is defined and continuous on the interval
[a,b] and differentiable on (a,b), then there is at least one number c in the

interval (a,b) (that is a < ¢ < b) such that

P 10216
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Notes
The special case, when f(a) = f(b) is known as Rolle's Theorem. In this

case, we have f '(c) =0. In other words, there exists a point in the interval
(a,b) which has a horizontal tangent. In fact, the Mean Value Theorem
can be stated also in terms of slopes. Indeed, the number
f(b)— f(a)
 b—a
is the slope of the line passing through (a,f(a)) and (b,f(b)). So the
conclusion of the Mean Value Theorem states that there exists a
c€ (a,b)
point such that the tangent line is parallel to the line passing
through (a,f(a)) and (b,f(b)). (see Picture)

I N ——

fle) =~

Example. Let , a=-1and b=1. We have

f(b)—fa) 2

=1.
 b—a 2

c€ (—=1,1)
On the other hand, for any , hot equal to 0, we have

£l == #1.
f’(ﬂ) f(b)_f(ﬂ')

So the equation =i

does not have a solution in c. This does not contradict the Mean Value

Theorem, since f(x) is not even continuous on [-1,1].
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Remark. It is clear that the derivative of a constant function is 0. But
you may wonder whether a function with derivative zero is constant. The

answer is yes. Indeed, Ie:trf(é) Eme a differentiable function on an interval I,

with f'(x) =0, for every . Then for any aand b in I, the Mean

Value Theorem implies

for some ¢ between a and b. So our assumption implies

f(b) = f(a)=0-(b—a)=0

Thus f(b) = f(a) for any aand b in I, which means that f(x) is constant.
Exercise 1. Show that the equation

23 +3°+6x+1=0

has exactly one real root.

Let f(x) = 2x3 + 3x? + 6x + 1. We have f(0)=1 and f(-1) = -4. So the
Intermediate Value Theorem shows that there exists a point ¢ between -1
and 0 such that f(c) =0. Consequently our equation has at least one real

root.

Let us now show that this equation has also at most one real root.
Assume not, then there must exist at least two roots ciand c»,
with ¢; < ¢,. Then we have f(c;) =0 and f(cz) =0. Rolle's Theorem implies

the existence of a point ¢ between c; and ¢, such that

f'(c) = 6¢® + 6¢ + 6 =0.
But the quadratic equation 6¢® + 6¢ + 6 =0 does not have real roots,
yielding a contradiction to our assumption that f(x) had at least two roots.

Conclusion: our original equation has exactly one real root.




Notes

f()lz):2x’+3x2 +6x+1
1

Exercise 2. Show that

| cos(2a) — cos(2b)| < 2|a — b

for all real numbers a and b. Try to find a more general statement.

Answer to Exercise 2

#() = cos(2z) f'(z) = —2sin(2z)

Set . Then we have The

inequality clearly holds when a=b. For any numbers a and b,

a#b

with , the Mean Value Theorem implies

F0) = f(a) _ cos() —eos(2a) _ o

b—a b—a
|sin(2c)| < 1
for some ¢ between a and b. Since , We get
2b) — 2
cos(2b) = cos(2a) <9
b—a -

which obviously gives the desired inequality. In general, if f(X) is a

[f'(2)| < M

differentiable function on an interval | with for

xel
any , then we have

(1) = flz2)| < Mlzy — 2
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Ty, Ty € I
for any

Example 3 Suppose that we know that f(x) is continuous and
differentiable on [6,15] Let’s also suppose that we know

that f(6)=—2f(6)=—2 and that we know that f'(x)<10. What is the largest
possible value for f(15)?

Let’s start with the conclusion of the Mean Value Theorem.
f(15)—£(6)=(c)(15-6)

Plugging in for the known quantities and rewriting this a little gives,
f(15)=f(6)+f(c)(15-6)=—2+9f(c)

Now we know that f'(x)<10 so in particular we know that f'(c)<10. This

gives us the following,

f(15)=—2+9f(c)<—2+(9)10=88

All we did was replace f'(c) with its largest possible value.
This means that the largest possible value for f(15) is 8.

Example 4 Suppose that we know that f(x) is continuous and
differentiable everywhere. Let’s also suppose that we know that f(x) has

two roots. Show that f'(x) must have at least one root.

It is important to note here that all we can say is that f'(x) will have at

least one root. We can’t say that it will have exactly one root. So don’t

confuse this problem with the first one we worked on.

This is actually a fairly simple thing to prove. Since we know

that f(x) has two roots let’s suppose that they are aa and b Now, by
assumption we know that f(x)f(x) is continuous and differentiable
everywhere and so, in particular, it is continuous on [a,b] and
differentiable on (a,b).




Notes
Therefore, by the Mean Value Theorem there is a number cc that is

between aa and bb (this isn’t needed for this problem, but it’s true so it

should be pointed out) and that,
f'(c)=f(b)—f(a)b—a

But we now need to recall that aa and bb are roots of f(x)f(x) and so this

is,

f'(c)=0—0b—a=0

Or, f'(x) has a root at x=c
Again, it is important to note that we don’t have a value of c. We have

only shown that it exists. We also haven’t said anything about ¢ being the

only root. It is completely possible for f'(x) to have more than one root.

It is completely possible to generalize the previous example significantly.
For instance if we know that f(x) is continuous and differentiable
everywhere and has three roots we can then show that not only

will f'(x) have at least two roots but that f'(x) will have at least one root.
We’ll leave it to you to verify this, but the ideas involved are identical to

those in the previous example.

We’ll close this section out with a couple of nice facts that can be proved
using the Mean Value Theorem. Note that in both of these facts we are
assuming the functions are continuous and differentiable on the

interval [a,b].

Fact. If '(x)=0f'(x)=0 for all xx in an interval (a,b)(a,b) then f(x)f(x) is

constant on (a,b)(a,b).
This fact is very easy to prove so let’s do that here.

First, notice that because we are assuming the derivative exists
on (a,b) we know that f(x) is differentiable on (a,b). In addition,
we know that if a function is differentiable on an interval then it is also

continuous on that interval and so f(x) will also be continuous on (a,b).
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Now, take any two x’s in the interval (a,b), say x1 and x2. Then
since f(x) is continuous and differentiable on (a,b) it must also be
continuous and differentiable on [x1,x2]. This means that we can apply

the Mean Value Theorem for these two values of x. Doing this gives,

f(x2)—f(x1)=F(c)(x2—x1)

where x1<c<. But by assumption f'(x)=0 for all x in an interval (a,b) and

so, in particular, we must have,

£(c)=0

Putting this into the equation above gives,

f(x2)—f(x1)=0=>F(x2)=f(x1)

Now, since x1 and x2 where any two values of x in the

interval (a,b) we can see that we must have f(x2)=f(x1) for
all x1 and x2 in the interval and this is exactly what it means for a

function to be constant on the interval and so we’ve proven the fact.

Check in Progress-I

Note : Please give solution of questions in space give below:

Q. 1 Define Mean Value Theorem.

Solution :

Q. 2 Give statement of mean value theorem.

Solution :
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3.5 MAXIMUM AND MINIMUM
PRINCIPAL

In mathematics, the maximum modulus principle in complex
analysis states that if f is a holomorphic function, then the modulus |f |
cannot exhibit a true local maximum that is properly within

the domain of f.

In other words, either f is a constant function, or, for any point z; inside
the domain of f there exist other points arbitrarily close to z, at which |f |
takes larger values.

Formal statement

Let f be a function holomorphic on some connected open subset D of
the complex plane C and taking complex values. If zg is a point in D such
that

If(2)] = [f(Zo)|
for all z in a neighborhood of zo, then the function f is constant on D.

By switching to the reciprocal, we can get the minimum modulus
principle. It states that if f is holomorphic within a bounded domain D,
continuous up to the boundary of D, and non-zero at all points, then [f(z)|

takes its minimum value on the boundary of D.

Alternatively, the maximum modulus principle can be viewed as a
special case of the open mapping theorem, which states that a
nonconstant holomorphic function maps open sets to open sets. If |f|
attains a local maximum at z, then the image of a sufficiently small open

neighborhood of z cannot be open. Therefore, f is constant.

1. U is compact because U is bounded, hence ff attains its maximum
on U . If ff is non-constant then it is an open mapping, hence does
not have a local maximum in U. Therefore

f(z)|[<max {|f(w)|:weoU}

for all zeU, since this inequality certainly holds if ff is constant.
2. If f(w)=0f(w)=0 for some wedUwedU then the inequality
0f(z)|<min{|f(w)|:wedU}=0
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is impossible, so we may assume that ff does not vanish on dU. If f has
no zeros in U, then 1f is holomorphic in U and continuous on U,
and it follows from part (1) applied to 1f that
f(z)>min{|f(w):wedU}

for all zeU. Therefore f(z)|<min{|f(w)|:wedU} for some zeU,

then f must have a zero in U.

Using Gauss's mean value theorem

Another proof works by using Gauss's mean value theorem to "force™ all
points within overlapping open disks to assume the same value. The
disks are laid such that their centers form a polygonal path from the
value where f(z) is maximized to any other point in the domain, while
being totally contained within the domain. Thus the existence of a
maximum value implies that all the values in the domain are the same,

thus f(z) is constant.
Physical interpretation

A physical interpretation of this principle comes from the heat equation.
That is, since log [f(z)| is harmonic, it is thus the steady state of a heat
flow on the region D. Suppose a strict maximum was attained on the
interior of D, the heat at this maximum would be dispersing to the points
around it, which would contradict the assumption that this represents the

steady-state of a system.
Major results

One of the central tools in complex analysis is the line integral. The line
integral around a closed path of a function that is holomorphic
everywhere inside the area bounded by the closed path is always zero, as
is stated by the Cauchy integral theorem. The values of such a
holomorphic function inside a disk can be computed by a path integral on
the disk's boundary (as shown in Cauchy's integral formula). Path
integrals in the complex plane are often used to determine complicated
real integrals, and here the theory of residues among others is applicable
(see methods of contour integration). A “pole™ (or isolated singularity) of
a function is a point where the function's value becomes unbounded, or

"blows up”. If a function has such a pole, then one can compute the




function’s residue there, which can be used to compute path integrals
involving the function; this is the content of the powerful residue
theorem. The remarkable behavior of holomorphic functions near
essential singularities is described by Picard's Theorem. Functions that
have only poles but no essential singularities are
called monomorphic. Laurent series are the complex-valued equivalent
to Taylor series but can be used to study the behavior of functions near
singularities through infinite sums of better-understood functions, such

as polynomials.

A bounded function that is holomorphic in the entire complex plane must
be constant; this is Lowville’s. It can be used to provide natural and short
proof for the fundamental theorem of algebrawhich states that

the field of complex numbers is algebraically closed.

If a function is holomorphic throughout a connected domain then its
values are fully determined by its values on any smaller subdomain. The
function on the larger domain is said to be analytically continued from its
values on the smaller domain. This allows the extension of the definition
of functions, such as the Riemann zeta function, which are initially
defined in terms of infinite sums that converge only on limited domains
to almost the entire complex plane. Sometimes, as in the case of
the natural logarithm, it is impossible to analytically continue a
holomorphic function to a non-simply connected domain in the complex
plane but it is possible to extend it to a holomorphic function on a closely

related surface known as a Riemann surface.

All this refers to complex analysis in one variable. There is also a very
rich theory of complex analysis in more than one complex dimension in
which the analytic properties such as power series expansion carry over
whereas most of the geometric properties of holomorphic functions in
one complex dimension (such asconformity) do not carry over.
The Riemann mapping theorem about the conformal relationship of
certain domains in the complex plane, which may be the most important
result in the one-dimensional theory, fails dramatically in higher

dimensions.

Notes
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A major use of certain complex spaces is in quantum mechanics as wave

functions.
Application

e The fundamental theorem of algebra.

e Schwarz's lemma, a result which in turn has many generalizations
and applications in complex analysis.

e The Phragmén—Lindel6f principle, an extension to unbounded
domains.

e The Borel-Carathéodory theorem, which bounds an analytic function
in terms of its real part.

e The Hadamard three-lines theorem, a result of the behavior of
bounded holomorphic functions on a line between two other parallel

lines in the complex plane.

3.6 SUMMARY

In this unit, we study the application of harmonic function and its
properties with examples. We study Poisson’s Integral Formula and
Poisson’s Integral formula for the upper half-plane. We study minimal

and maximum principal and its properties.

3.7 KEYWORD

Holomorphic : In mathematics, a holomorphic function is a complex-
valued function of one or more complex variables that is, at every point

of its domain, complex differentiable in a neighborhood of the point

Plane : A flat surface on which a straight line joining any two points on it

would wholly lie

Conformal : Preserving the correct angles between directions within

small areas (though distorting distances).

3.8 QUESTIONS FOR REVIEW
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Q. 1 If f(x)=0 f'(x)=0 for all x in an interval (a,b) then f(x) is constant

on (a,b).

Q. 2 If f(x)=g'(x) for all xx in an interval (a,b) then in this interval we

have f(x)=g(x)+c where c is some constant.

Q. 3 Theorem:(Minimum Principle) Let D  be a domain and
u : D — R becontinuous and satisfy the MVVP on D. If

Ja € D suchthatu(z) > u(a),thenu isa constant function.

Q.4LetD beadomainandu : D — R beharmonic

functiononD.If30c € D suchthatu(z) > wu(a),thenu isa

constant function.

Q. 5 Every harmonic function on a domain have the MVP
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3.10 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-I
Answer Q. 1 Check in Section 2
2 Check in Section 2
Check In Progress-11
Answer Q. 1 Check in section 4
Answer Q 2 Check in Section 4
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UNIT 4: THE DIRICHLET PROBLEM
FOR THE UNIT DISK AND FOURIER
SERIES

STRUCTURE
4.0 Objective

4.1 Introduction
4.1.1 History

4.2 Method of Solution
4.2.1 Extended Fourier Series in the unit disk
4.2.2 An approximation using a partial sum

4.3 Solution using Poisson's integral
4.3.1 Solution using N-Value Dirichlet formula
4.3.2 Piecewise Continuous
4.3.3 Fourier Cosine Series

4.4 Termwise Integration

4.5.1 Characterization Of Harmonic Functions By Mean Value

Property
4.5 The Polar Form of a Complex Number
4.6 Summary
4.7 Keyword
4.8 Questions for review
4.9 Suggestion Reading and References

4.10 Answer to check your progress
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4.0 OBJECTIVE

e Learn Dirichlet Problem For the Unit Disk
e Learn solution of Dirichlet Problem

e Learn Fourier Series

e Working with example of Fourier series

e Learn Characterization of mean value property

4.1 INTRODUCTION: DIRICHLET
PROBLEM

In mathematics, a Dirichlet problemis the problem of finding
a function which solves a specified partial differential equation (PDE) in
the interior of a given region that takes prescribed values on the

boundary of the region.

The Dirichlet problem can be solved for many PDEs, although originally
it was posed for Laplace's equation. In that case the problem can be

stated as follows:

Given a function f that has values everywhere on the boundary of a
region in R", is there a unique continuous function u twice continuously
differentiable in the interior and continuous on the boundary, such

that u is harmonic in the interior and u = f on the boundary?

This requirement is called the Dirichlet boundary condition. The main
issue is to prove the existence of a solution; uniqueness can be proved

using the maximum principle.

4.1.2 History

The Dirichlet problem goes back to George Green who studied the
problem on general domains with general boundary conditions in

his Essay on the Application of Mathematical Analysis to the Theories of
Electricity and Magnetism, published in 1828. He reduced the problem
into a problem of constructing what we now call Green's functions, and
argued that Green's function exists for any domain. His methods were not
rigorous by today's standards, but the ideas were highly influential in the

subsequent developments. The next steps in the study of the Dirichlet's
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problem were taken by Karl Friedrich Gauss, William Thomson (Lord

Kelvin) and Peter Gustav Lejeune Dirichlet after whom the problem was
named and the solution to the problem (at least for the ball) using the
Poisson kernel was known to Dirichlet (judging by his 1850 paper
submitted to the Prussian academy). Lord Kelvin and Dirichlet suggested
a solution to the problem by a variational method based on the
minimization of "Dirichlet's energy". According to Hans Freudenthal (in
the Dictionary of Scientific Biography, vol 11), Bernhard Riemann was
the first mathematician who solved this variational problem based on a
method which he called Dirichlet's principle. The existence of a unique
solution is very plausible by the ‘physical argument’: any charge
distribution on the boundary should, by the laws of electrostatics,
determine an electrical potential as solution. However, Karl

Weierstrass found a flaw in Riemann's argument, and a rigorous proof of
existence was found only in 1900 by David Hilbert, using his direct
method in the calculus of variations. It turns out that the existence of a
solution depends delicately on the smoothness of the boundary and the

prescribed data.

4.2 METHODS OF SOLUTION

For bounded domains, the Dirichlet problem can be solved using

the Perron method, which relies on the maximum principle for sub
harmonic functions. This approach is described in many text books. It is
not well-suited to describing smoothness of solutions when the boundary
is smooth. Another classical Hilbert space approach through Sobolev
spaces does yield such information.” The solution of the Dirichlet
problem using Sobolev spaces for planar domains can be used to prove
the smooth version of the Riemann mapping theorem. Bell (1992) has
outlined a different approach for establishing the smooth Riemann
mapping theorem, based on the reproducing kernels of Szegé and
Bergman, and in turn used it to solve the Dirichlet problem. The classical
methods of potential theory allow the Dirichlet problem to be solved
directly in terms of integral operators, for which the standard theory

of compact and Freehold is applicable. The same methods work equally

for the Neumann problem.
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The Dirichlet Problem for the Unit Disk

We have emphasized practical applications of harmonic functions to
steady state temperatures, electrostatics. In Section 1.2 we introduced the

N-Value Dirichlet problem, and showed how to solve Laplace's equation

afy afy

atx oty , in the upper-half plane, for a harmonic function
u (%, ¥) that has certain specified boundary values on the real axis.
Now we will develop the solution to the Dirichlet problem in the closed

unitdisk Dr (0 = {z: 1z 1 s 11= {re’®:0srs 1}

Dirichlet Problem for the Unit Disk Given a real valued function

U (&) that is both piecewise continuous and a bounded function. Let

U (&) be considered as boundary values on the unit

circle Crty ={z: 2| =1} "inthe sense that (1.0)

u (cos8, sind) = U(S) for -7m26s7 gt points 2 = cosE+13ind g
the unit circle. The Dirichlet problem for the closed unit disk

D1(0) = {z: | 2| s 1} jstoextend w (cos& siné) to be

u(rcosd rsing = uix, ¥) for

x+1y = rel® £ Dy(0) = {z: |z = 1} where v (%, ¥1 is harmonic
in the unit disk and take on the boundary values (1.1) at points where

U (2] js continuous.

Our first method of solution uses the Fourier Series representation for

(&)

4.2.1 Extended Fourier Series in the unit disk

Theorem 2.1 (Extended Fourier Series in the unit disk). Let T (%) be
the boundary values on the unit circle ti(8) =+{z: |z ]| =1} (1)
u(cos® sind) = U@ for -mws8s7  |f T has the Fourier series

. ay = .
u(cosE, 3ing) = ? + Z (A, c02 (hE) +b, 2in (n&))

representation n=l




Notes
, then (2)

a -
urecozd raing) = =2 . Z (ant™cos (nE) +b,r"ain (ne))
2 , solves

the Dirichlet problem and is a harmonic function in the unit disk

Dy =dz: 2] < 1},

We can motivate if we are allowed to make the following claim: The

series in (1.1) takes on the boundary values in Equation (1.1) at points on

C1 (03 where the radial limits exist, that is

. an
lim | — +
ral 2

lim u (rcos@, r sind) Z (A r"cos (nE +b,r"sin (nEl)
T3l n=l

= =X 4 lim > (anr7cos (n8) +b,r” sin (ne))
2 -l n=L
= 2. Zl::rlu fa,r™coz (ne) +h,r™sin (el
n=l
= 2. Z fa, 1™coz (nE) +b, 1™ 2in (ne))
n=l

= — + > (ancos (n8) +by,sin (nd))
n=l

uicosEd 3ing)

Furthermore, Exercise 12 in Section 3.3 shows that each of the terms,
anr’cos (nd) gnd bnr”sin (nd) gre harmonic, and so it is
reasonable to conclude that the infinite series representing

ulreasd rsing) jn Equation (2) will be harmonic. Remark. The radial

limits will exist except at the finite number of points where U (51 is
discontinuous. There are details regarding the convergence of the series

and the existence of radial limits that are left for advanced study.

Example 2.2. Find the function % @, ¥) = u(rcos& rsind) that is
harmonic in the unit disk 1 0 = {z: [ 2] « 1} gnd takes on the

=
WicosE, 2ing)l = T(E = — for -m=8«m
boundary values 2

Solution.
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we write the Fourier series for U (&)

= = _1ymL
u(cosg, #ing) = ZLM zin (hE) = E (-1) zin (n &)
n=l n
n=L

for the extended Fourier series solution of the Dirichlet problem, we

obtain
= = _1 ™1

uircosd rsingl = ZLM " =2in (e = Z (-1 " sin (mE
n=l n 0 n

The series representations of u (rcest r2in&l take on the prescribed
boundary values at points where 7 (&) is continuous. The boundary
function U (&) s discontinuous at == -1, which corresponds to &= 7 ;

which are points where U (51 was not prescribed. The approximations

2 L™
T (&) = Ty (6] = zin (n&)

I

n=l and
. . (1™t
U(ECcosE £3ingl = 1y (X Cco3B, £ 3ing) = Z r' sin (ne)
In
nel , and
the true
7
(-1
T = Z 3in (ng)
. Il
solutions nel and
7
. (-1™t
ulrcosd rsind) = Z r' sin (ng)
In . .
n=l are shown in the figures
below.




! (_l:lrrhl .
Uz (8] = % gin (n&)
i : n
Figure A. The functions el

7
. (-L™
g (EcosE, rsing] = r'sin (ne)
n
and n=l

ra| =

wl =

=

ral 4 [
ra] M|
k|

Notes
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= (_lj:ﬁ-hl .
Uis) = g - sin(n6&
. ) ”
Figure.B. The functions L

. (-Ly™t
Wlrcosd r3ing) = —— 1t ' 2in (nE)
n

and m=l

&
) . TE = —
we have the Fourier series for

= = eyl
ufcosg 2ingl = Z LM 2in (g = E L 2in (ne)
n n

1 n=l ol

for the extended Fourier series solution of the Dirichlet problem, we

obtain

= —cos (n = po1ymH
U(rcosdE £sing) = Z # r"zin (ng = % L " =sin (mE
n n

n=l el

4.2.2 An approximation using a partial

SUMm. Summing up the first seven terms we get the

approximations Ur (8} and ur (rcosf, r=ind)

1
sl
UL {8} == Z % Sin[n@&]
n=1

L 1 1 1 1 L
T (81 == 3in[g] - Y Fin[28] + 7 Fin[3 8] Y F3in[48] + T Fin[5se] - r Jin[eg] + E] Fin[7 ]

7

_ -~
"un{r cos @,r =in )" -=: —— ¥ 5in[n 8]
n
n=1

. . 1 3 N 1 2 N 1 4 o 1 5 N 1 3 N 1 7 .
u; (£ cos 8,r sin ) ==r 3in[&] - E r-Jin[2 8] + E r’ 3in[3g] —E r 3in[48] + E r’ 3in[568] - E r Hin[6 6] + ? r' 8in[74]

Do
Ta (29 =Z— sin (na)
In
The functions n=l

. Z L™
Wy (FCcosE, reing)l = ————— t ' =in (ng)
n
and n=l
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Summing up all of the terms we get the boundary value

Sl
TiE1 = Z zin (Nl
n=l

n

function on the unit circle

Cr(0) ={z: |2]|=1} andthe harmonic

. (1™
uircosg raing) = r ain (ne)
n

function n=l in the unit

disk Tp(0) ={z: =] =« 1}

<

{_l}ru-l )
By - E Sin[n @]
L

n=1

(8] == %:‘1 (Log[l+e™®] - Log[L+e*®])

_ -1t oL
"uf{r cos &,r =in )" -- r 5in[n é]
n
n=1l
1 ; ;
ulr cos ,r sin 8) == E 1 (Lng[l +m'16r] —Lu:ug[l+uawr]]|

Aside. The Maple commands are similar

d n-1
* expand [Z -1 Fin (ht)
n=L .

1 1
) Iln(l+e'™ 4+ 5 Ilncl + et®

d n-1
> expand[z -1 " zin (nt)
n=L

n

1 1
—EIln (L+r ua“‘)+E Ilnl + re®

We can use Mathematica to plot the boundary function 7 (51 and

harmonic function w(rcos&, rsing)

The boundary

function

(&) =i Skl gin (ne) = 1 |[Lu:ug[l+ua'is] —Lu:ug[l+uzie]]|
— n 2

and the harmonic

function

_ ™ 1 e ie
ul(rcosE £r3ing) = Z r zin (ng) = EI(LDQ[J‘*E r]—LDg[l+tE r]]l

Il
n=l

Notes
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when we sum the infinite series we get solutions involving the logarithm

function.
Remark 2. the other form of the solution will be similar.

ey - Zw Sin[n @]

n=1 n

U(E == %:‘1 (Log[l+e™®] - Log[L+e*®])

o - Cos[n
"uf{r cos @,r =in )" -- Z# r"Sin[n 8]
n=l n
1 . .
uir cos 8,r sin 61 == = i (Log[l +u3'16r] —Lu:ug[l+uzler]]|

Poisson's integral formula for the upper half-plane, that was introduced
It shows that the value of the harmonic function 4 (rcos& r sin&)
inside the unit disk is a special "average of the values U (t) on the

boundary." In the integrand the function ¥ tt1 is multiplied by

&
) Pir,t -8 = (-r) )
the Poisson kernel 1+rf-2Zrcos(t -8 which

includes the variables t and &

Theorem 12.8 (Poisson Integral Formula in the unit disk). Let U (&)
be the boundary values on the unit circle 1 (83 = {z: [z ] =1}
(12.10_2) unicoad, 3ingl = U@ for -maxg =7 |f U2 jsboth

piecewise continuous and bounded, then

. I (L - ') U
uflrcosg £3ingd) = — i
Z2m Jnl + v} - Zrecos(t - &

for Dzr« l,-ma@=m golvesthe Dirichlet problem and is a harmonic

function in the unit disk Tx (03 = {2: | =] < 1} QObservation. The

integrand is taken over the unit circle where the parameter of integration

is ©, and the numerator includes the function U (=1,




Notes
Corollary 1 (N-Value Dirichlet solution for the unit disk). Assume

that —T<GL <G v <Bg= |f Tid) =u(cosG 2ind) s the boundary

value function on the unitcircle C1 (01 = iz: |z ] =1}

T(E = u(ocosd 3ing = a; for -m«8 <0,
TiE) = nicosd 3ing) = & for By <8 = 5y,
T =ui(cosd sing) = ay for Uy =B =,
then
l L l r —E l T _E
Ulrcosd rsing) = _Zak (arctan[ * tan(ek ”—arctan( + tan[ek“l ]”
M3 l-r 2 l-«r

, Solves the Dirichlet problem and is a harmonic function in the unit disk

Dp(0) =4dz: |z < 1},

Proof. Use the indefinite integral

1 (1-r 1 l+x t-g
—_— dt = —Arctan[ tan( ))
Zm l+ri-Zrcos (£-6) m l-r z
Then
. 1 g (L -£*)U(e)
ulrcosd rsingl = dt

2m Jal +rf - Zrcoos (bt -8

)]

1 1 -t g
J"ﬁ‘k ([ 1 ay dt
2m ey 1+ £ - 2rcos (£ - &)

k=1

H

i [Zakarctan(l+r tan(t;e:I] |

Zm l-r
k=L

L5 oy [azetan (21X can (227)) - aroran (115 can (2227

m o l-r

Remark. When applying formula it is necessary to pay attention and to

use appropriate branches and to beware of branch cuts.

Extra Example 1. Find the function “ (*, ¥) = u(rcosf rain) that s

harmonic in the unit disk 1 03 = {z: | 2| « 1} and takes on the

1, for ﬂz = Lo,

]

ufcosfd, sing) = U(E = 0, for —%{t{_,

-1, for -met -2,
boundary values t
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1
ral o
ra| o

s Taoaw
Y
S
L

%

Figure 1. The graphs of T (&) = u(cos8, 2ind) gnd

WX, ¥ =ulrcosd r3ing)

Solution using Fourier series. we showed that the Fourier series for

U (&) can be written

as

cos (%) - cos (n) 1 i (3™ 4 (87— 2 (~1)7

u(cozg 2ingl = — z 2in me) = — zin (M)

n=l n

to construct the extended Fourier series solution of the Dirichlet problem.
Therefore, the Fourier series solution is

u=r
b4 = s

. _ Al _ L
7 (Feoset rame) - ;Zﬁ‘@ T Tl mcma o, e

Check in Progress-I
Note : Please give solution of questions in space give below:
Q. 1 State Dirichlet Problem.

Solution :
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Q. 2 Define Extended Fourier in The Unit Disk.

Solution :

4.3 Solution using Poisson's integral.

Use the known anti-

(1-r%) l+r t-g
L dt = 2 arctan( tan( ”
derivative l+ri-Zrcocos (L-&) 1-r z a
nd
get
i
u(rcosdg, rsingd) = i ” (1 -r)u
2w Jal +xt - Zrcoz(t -8
R N (N NS H
T 2m Ja 1+ rt - ZrCoz[t - &] Z; %l+r2—2rC03[t—8]
“'% -
-1 ls+r -] 1 l+r -] T
- (2 arovan (25 wan (Z20))) |+ (2 aroran (225 wan (229))) L
t== =
&

Z
Z_ g
m-g r 3
o (£ axcran (125 ran (Z22))) [_ amn[ S [ _
L )
arctanl{% tan(-"T-G)) ax:ctan[£ tan[ < ]] arctan[ﬁtan[iT]] arctan [T tan(%”
s - s - s * ELs

—arctan l:ll% tan (%]) +arctan (% tan | 2‘9:":]:] +arctan (% tan (L2 - arctan (% tan IIGT“";III

Therefore, the Poisson integral solution
IS
-aretan (25 tan (2] ¢ arctan {2 tan (£22)) 4 arctan (2 van (£22)] - arctan (2 an [£2))

. 1- t 1 s 1- 1 1
u(rcosd, rsing = il i il i

m

4.3.1 Solution using N-Value Dirichlet formula. Set

T T
Bp=-m, Bl=-—, B=—, Gy=0m
ap=-1, a;=0, a:=1 gnd 2 z and then use

the formula and get
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u(rcozf, rsing) = izak (amtan[l}r—tan[Te”—arctan(“_rtan[

Lz t.m[% (-5

(1+r) tan [% (% -B)]
lr T

1-

arctan - arctan +arctan

{Lerytan|
1l-r

)

ks

-arctan (% tan [%)) + arctan (% tan (%)) + AFCTAN (% tan (“’T“")) - arctan (% tan [ 221}

H

Therefore, the N-Value Dirichlet solution

B

IS
vl Eg_m

—arctan (% tan (%)) +arctan (% tan | 4

}) +arctan (2 tan (£81)) _arcran (L

)

uflrcosd, rsing) =
m

Remark. This is just a straightforward way of calculating the Poisson

integral solution, and is recommended for working some of the exercises.

Extra Example 2. Find the function ¥ (%, ¥) = ¥ (rcos& rainf) that s
harmonic in the unit disk Tpt0) = {z: [ 2| < 1} and takes on the

boundaryvalues v (cosE singl = V(8 = E-'i, for -mat e

!
ral

Figure 2. The graphs of ¥ (&) = w (cos8& 2ind) gnd

VX, ¥)] = w(rcosG £3inG)

where we showed that the Fourier series for ¥ (51 can be written as

v [CcosE, 2inE) =

I n

i = & = T
iy dcosnm m 40-1
. §'# cos (nE) = — o+ % (-1) cos [(ng)
! nd 3 £
n n=l




Notes
. for the extended Fourier series solution of the Dirichlet problem, and

get

& il & o
m dcos (o T 4
v (Ecos6 £E2ing) = — +Z#r“cns Mmc)] = — +Z (
3 = nt 3 s

-um
: r'cos (nt)
I n

J* (1-ri 1t .
. Remarks. Some integrals of the form - 1+r*-2Zrcos (t-8) are

readily available. For Titi=1,¢t, t' the computer algebra
systems Mathematica and Maple can be used to obtain the following

formulae.

(1-1% l+r -8
J dt = 2 ArcTa.n[ Tan[—]]
l+ri-ZrCos[t-2] l-r z

it

(l-rht ] E
J dt = -1 [ (t-8) Lng’l—
l+ri-ZrCoa[t-5] r

| - (c-8 Log[1 - r] o Log[-e! 4 x]

gl (58

-8 Log[-1+e’ = p] - :1Pc.1yL-:.g[z, ] + 1 Polylog|[z, &' % ] ]

gl (540

1-riy£? ; :

Jl rit 2:1:?:.3[1: 5 dr = —:|'1.[1;2 Lu:ug[l— ]—1:2 Lu:ug[l—ual(t'ejr] +21tPnlyLng[2,E1(b'ﬂjr]
+rfo _

i ot ol (58)

—zitPDlyLDg[Z,

1]
] +2 PnlyLngIS,

] - ZPolylog|3, gl s r] ]
The software Maple will also compute the above integrals, but the

Maple syntax will use the notation arctamn, 1n, polylog gnd tam The

first

(1-r*) 1 l+r L-8
J dt = —Arctan[ Tan [—))
integral l+ri-Zrcos(tc-8) by l-r 2

easily be verified using techniques from calculus.

Caveat. It is beyond the scope of this book to use the other two integrals

involving Polylog,

In this chapter we show how Fourier Series, the Fourier Transform, and
the Laplace Transform are related to the study of complex analysis.
First, we will introduce the Fourier series for a real-valued function

U (t) of the real variable . Then we discuss Fourier transforms.
Finally, we develop the Laplace transform and the complex variable
techniques for finding its inverse. Our goal is to apply these ideas to
solving problems, so many of the theorems are stated without proof.

Let U (tl be a real-valued function that is periodic with period =7, that
is Uit+2m =U(t) foral ©
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One such function
17

@ U - e (e 2)eqpeos 2eome e s

IS 2
obtained by repeating the portion of the graph in any interval of length

Zm asshown in Figure 12.1.

= = = Uit

Figure 3. A function U () with period Z7,

Familiar examples of real functions that have period <7, are

cos (nt) and sin (nt) where n is an integer. These examples raise the
question of whether any periodic function can be represented by a sum of
terms involving @ncos (nt) and by sin (nt) - \where @ ad by are real
constants. As we soon demonstrate, the answer to this question is often

yes.
4.3.2 Piecewise Continuous

Definition 12.1 (Piecewise Continuous). The function T (%

is piecewise continuous on the closed interval [2- P1 | if there exists
values e 1, «.w.tnowith @=fe<fi<... « T =b gychthat U () is
continuous in each of the open intervals -1 <% < Tx

, for k=1 % ....n and has left-hand and right-hand limits at each of

the values *=, for k=012 ....n,

We use the symbols T tc7 and T (™) for the left-hand and right-hand

limit, respectively, of a function U (=) as * approaches the point =. The

graph of a piecewise continuous function is illustrated in Figure 12.2




Notes
below, where the function U (£l js

L |[t—£]|2+£ ,when 1zt <2,
2 4

5ozt when 2t
T(tl = '
_]_+""—;3 ,when 3 <t «d
%-(t-sf’ ,when 4 <tz 6.
= = = Uit
ErE -
1155 -
e -
2E -
LT
1 -
SF1E -
155 -
L =
u} 1 Z 2 3 5 [

Figure 4. A piecewise continuous function U (=) over the interval
(1, 8],

The left-hand and right-hand limits at 1 =2, t: =3 and *: =4 are
easily determined:

At t1 =2 the left-hand limit

Uiz = lim[E (t—i]2+i] _ 2 (z_i]iJ,i 2
is wi- 13 z 4 3 2 4 4, andthe

T (z% = 1im[£_ (t-21%] = S
right-hand limit is it L2 z Z,

.. U3 = lin
At t: =3 the left-hand limit is i
i-(t-zf] = i-(s-zf _ 2
2 oz ~ 2z and the right-hand limit
. _ t-3 3-3
U3 = Llin 14 | =1+ -1
IS it 4 4

At T: =4 the left-hand limitis T (47 =

lim[l+ t'S] ik A

" 4 4 4, and the right-hand limit
o .16 P

is U(“'&jﬂ[g_(t_m a -
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Definition (Fourier Series). If U (1 js periodic with period 27 and is

piecewise continuous on [-7. 71 then the Fourier Series = () for

5(t) = % +§(a,.,|:|:ns (nt) +by,sin (me))

uic) js , Where the

coefficients @ and by are given by the so-called Euler's formulae:

1 =
an, = —J Titicoznt)dt for n=0,1, ...
wJn , and
1 =
h, = —J Tit)ginnt)dt for n=1, 2, ...
ELERE |
1 Ay

We introduced the factor z in the constantterm z on the right side
of Equation (1.1) for convenience, so that we can obtain 2 from the
general formula in Equation (111) by setting n="t. We explain the
reasons for this strategy shortly. Theorem 1.1 deals with convergence of

the Fourier series.

Theorem (Fourier Expansion). Assume that # (%) is the Fourier Series
for Tt} If U ad U' () are piecewise continuous on [-7. 71 |
then % (%) is convergent for all ©&[-7, 71 The

relation Tt = J(t) holds forall ==l-7. 71 where T (%l js

continuous. If ®= ¢ is a point of discontinuity of U (£} then

U(c™) + Tict)
Z . where U c7)andU (c*) denote the left-hand

and right-hand limits, respectively. With this understanding, we have the

8 () =

Fourier Series expansion:
Uit = ? + E(an cos () +by, 5in (mE))
T
] U(t)=— for —mxtam .-
Example. The function 2 , extended periodically

by the equation T (t+z2m =UTt) hasthe Fourier series expansion

t Zﬂ (-1
Tt = — = gin (mt)
2 B el

Solution.




Notes
and integrating by parts, we obtain

Lsin(nt) cos (ntl jl T'1E
+

! r = mt) dt ( 0
= — — CO3 (11 = =
o m a2 2mn 2mnt
t=-t , for
n=1 2 ... The coefficient = is obtained with the separate
1 Mt t!
4y = —J — At = e =0
. mda 2 4
computation £=-T . we get
: =T n-1
1 oL t T T -1
hn:_J’ —sin(ntjdlt:(— cns(n)+31n[n)J | =_|:|:|s(n7r) ) [-11
m a2 Zmn Zmnt n n

, for n=124, ...

Substituting the coefficients {an}nz and {bnlaa into Equation

(12.1) produces the required solution

=

£-3 n-1
Uity = g - ZM gin fnt) = Z E_lri 3in (nt)

n

nel nel . The

T
Tit) = — . . .
graphs of =3 and the first three partial sums =1 (£} = 3in (t)

3 (L) = 3in (L) - % zin (2 £

, and

1 1
Fa (L) = gin(t) - — sin (2 & — 5in (3 & . .
: (%) (B =g sm@EB 5 3m 8 e shown in Figure 12.3.

Tit) =
Figure. The function =3 , and the approximations =1 (t) |

3: () and % (£)

Theorem. If Ut and ¥ (t) have Fourier series representations, then

their sum Wit} = T () +¥ (] has a Fourier series representation, and
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the Fourier coefficients of ¥ (%) are obtained by adding the

corresponding coefficients of U (t) and ¥ (t]

4.3 Fourier Cosine Series

Theorem (Fourier Cosine Series). Assume that U (%) is an even
function and has period 7. Here the Fourier series for U (%) involves

only the cosine terms, (i-2. bn=0 forall n) and we write

a o
Ticl = = +Za,.,n:u:us (n )
2 n=lL

2 o
= —J Tithcosint)dt for n=0,1, ...
where aJo

Proof.

Theorem (Fourier Sine Series). Assume that U (t) s an odd function
and has period 7. Here the Fourier series for T () involves only the

sine terms, (i.e. &,=0 forall n) gnd we write

Uit) = Z b, 5in (nt)

n=l
’

2
= —JHU(t) gin(ht)dt for n=12, ...
where )

Check in Progress-11
Note : Please give solution of questions in space give below:
Q. 1 Define Fourier Cosine Series.

Solution :

Q. 2 State Fourier Expansion.

Solution :



http://mathfaculty.fullerton.edu/mathews/c2003/fourierseries/FourierSeriesComplexMod/Links/FourierSeriesComplexMod_lnk_6.html

Notes

4.5 TERMWISE INTEGRATION

Theorem (Termwise Integration). Assume that 7 (=) has the Fourier

Tie = o, Z (&, coS (Lt +h, 5in (mtl)
series representation E=i

Then the integral of U (£} has a Fourier series representation which can

be obtained by termwise integration of the Fourier series of U () that is

= 1yl
rUttjmr = Z[(a"’+ (-1) ) sin(ntj—Ecas (ntj]
] n

n
el , Where

oy
? L = Z u 3in (nt)
. I
we have used the expansion nel .

Theorem 12.6 (Termwise Differentiation). Assume that both

U () and T' (t) have Fourier series representation and that

Ueiey = = + > lances (nt) +bysin (nt))
R} . Then U' () can be

obtained by termwise differentiation of T (t1  thatis

T () = Z(nhncns (mtl-na,sin (mtl)
n=L

Example The function Uit} = |t| for -m=t <7  extended
periodically by the equation U (t+2m =T () has the Fourier series

expansion

oo 2 S cos(nm -1 s 2 = lj"'
Tit) = L] = — + — —_———— 03 (ML) = — + — cas (nt)
(0 = 1ol = —+= >3 —— O ZJ

, Which can be written in the alternative form

U = )= 2 Z cos ((23 - 1) )
) T ow (23-1)2 o

Solution.

The function U (%} is an even function; hence we can use Theorem

11.3 to conclude that b= =10 for all  and that

a - acos(nt) 2t ain (ntl bt 2 cosinm -1
a, = —J tcoz(mt)dt = |: + J | = —_——
Eg) ot oo , g nt
=l
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, for m=12 ... The coefficient 2 is obtained with the separate
= - t_z ="
n o= — J tdt = [—] ‘ =
. L | e
computation t=t .

Using the {2x}n and produces the required solution. Therefore, we
have the found the Fourier series expansion

7 = - z 2 -1"
Tty = |t E —Z £os (n;'rj cos (nt)] = il —Zj— co3 (nt)
2 m = 2 m =
2 (1)23
a = - — =
. Itis easy to see that 7 (23'3'2 forall 3=1 andwe can
express -1 inthe
form
o 2 (-13fitog i (-1yti-t_1 B (137t - 2z -1-1 1
T S Teiont C x 2i-LF w (23-LF m (23-L1f o (23-L¢
v o= el - 225 Y cesqziong
- = — - = cos -
2 owm gz -t 1
. Therefore, i

The graphs of U () = | t| and the first two partial

31 (L) = ; - cas (L)

sums

Ay (£) =

4
cos () - — cos8 (3 1)
9

, and are shown below.

Figure.a. The function Ut = | ©1 and the approximations #1 (£l |

and =2 (t)

Se) = 2, Z (&, cos (mt) +by, sin (mt))
ind the Fourier Series 2 m , by

computing the coefficients with Euler's formulae:

1 mn
a, = —J Tit)cosne)de for n=0, 1, .
mJn , and (

1 o
b, = _J Tit) zinne)de for n=1, 2,
oA
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First, calculate {@n}n .

1 il
a; = —J T_T(t-jdlt-
ELERE. |

1 0 1 =
= —J [-t) dt + —J [t dt
L | AT

It
—_—
| ~
—_
1
o
p—
1
| ~
—_—
1
4% ]
MI'\-Q-
e —"
e —"
+
—_—
o
—_—
| 4.
e —"
I
|
P
=}
=
-— -

1
an = —J Uit)cos (nt)de
ELRO |
L o 1
= —J [(-tlcosint) dt + —J (£) coz (nt) dt
ER | ELe |

(% (—cos mt) -ntsin (nt)]] T . {% (cos mt) +ntsin [nt]]]Tt

nt
t=-M L

nt

1 ¢-cos (n0) -n0sin(n0) 1 ¢ -cos (-nm) +nmsin (-n) 1 ycosinm+nmsin (no) 1 ;cos(n0) +n0sin (n0)
(5 = Nzl = )

g nt n nt nt g nt

1l ¢-1-10 1l g-cog(-nm +0, 1 (nm+0 L ¢1+0
=;[ ]_ [CDS NIl + \]+;(CDSHJT+ ]_ (+]

nt n nt nt

2 cosinm -1
= —L for nel
s nt

Second, calculate {Pnlna.
by = %J: U (t) #in (nt) dt
= %J:: [-t) sin (nt) dc + %Lﬂ (t) sin (nt) dt

_ (% [ntcos (nt)—sin(nt))] TO +(% [sin(ntj—ntcos (nt))]tﬂ

ni
=T =0

né

%(nncos md) -=zin (n0) ]_i (—n;'tcos (na) —sin (na) ” . (% (sin [(n) -nmcoz (1) ] _% (sin i) -nodcoz (nd) ]]

nt ks nt nt nt

1 ,0-0 1= (nxy -0 1 ,0- (n ) 1 ,0-0
;(—]_;( naTcos (nmT J+;I: nmTcos (I ]_;I: J

nt nt nt

= 0 for n=1l

Alternately, U (=) = I =1 jsaneven function so that U (¥} sin (nt) jg

1
= —J Tt sin (nt)dt = 0
LR |

an odd function, and forall n=1l
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ﬂ o
Tit) = il +Za,.,cu:us [t
Z n=l

. Then shows that , Where the

coefficients can be computed with the special

z o
= —JUEtjcus(ntjdlt for n=0,1, ...
formula Eh

2 R
ap = —J UI:t-jd].t
AL

2 .
—J (L1 dtc
o

Now calculate

&

2
—J Tit) coz (nt)ldtc
mAy

2
—J [Clcoz (nt)dt
L

2 003 mt)l+ntsinint) ki
(51 Iy

m ni
=il

(2 (cns () +nsin (na) jl'; (cus M0l +ndsin (nd) ”

m ni ni

2 rcos(nm o+ 0 2 ¢1+0
P (R Y

ni

2 cos(nm -1
—L for n=1
m ni

Get The Answer.

(L)
Therefore, =

I
ra| o

2 — cog (na -1
+ —Z# cos (mt)
T né
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mity = | 0, for —ﬂi{t{—,

Extra Example 1. Given

-1, for -mst-2

Notes

extended

periodically by the equation U (t+27 = U{t) = find the Fourier series

expansion.

r|

=m

1
ral 4T
r| o

1
|

Find the Fourier Series

computing the coefficients with Euler's formulae:

1 =
a,.,:—J Titlcog (nt)dt for n=0,1, ...
o , and

1 =
hn=—J Tieinnt)ds for n=12, ...
ELRRE . |

First, calculate fan}na .

1 i
ap = —J Ty dc
ELERE. |

1 r-= 1 = 1 =
= _f t (—ljdlt+—fi (o dt o+ _j (11dt
T Jdn E _% T %

1 1
= — -1+ 1 - —

2 2
= 0

5 (L) = % + ;Ea,.,cus (ht) +hb, sin (nr))

, by
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Then

1 T
an —J Tit) coz (nt)dc
LR |

1 -2 1 = 1 o
—J L —cos (ntjjdlt+—Ji (0cos (nt))dt + —J cos (nt) dt
ENUR ) T _% ki %

Pt
1 [ sin (nt) ] 1 csinmty. 7
T | Y m (T] |
= =2
3
_ 1 sin (_ %]I sin [-n ) 1l | sin (nm) sin (%j
Tox | n * n Y x I B n
1 sin (n_:]l _ sin () . sin (nm) Fin (n_:]l
o n n n n
= 0 for n=1

Second, calculate {Pn}na .

1 T
b, = —J T (t) 5in (nt) dt
L. |

1 -2 1 2 1 =
= _J L i_zin (ntjjdltJ,_Ii (0zin (mt1) dt + _j sin int) dt
Mo don iy _% s %

=2
1 (cus (1t jl : 1 ( cos (nt) ] ki
= — —— + — — —
T n | T n |
£=_m .
T
_ i gos ('_]' _ Cas (-1 ) . i _ Cos (o) gos (%j
T n n S n n
1 | F9F (n_;tj cos () cos (now) cos (n_;tj
= — - - +
T n n n n
5 CO3 ["‘—:]l—cu:us (na
= — for nel
T n
1, for % 2L oz,
(L) = 0, for ——’; =t %,
-1, for w2 .
Alternately, “"®7%  jisanodd function so that

Uit)coz(ntl jsan odd function,
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1 -
a,.,:—J T(tlcos(nt)dt = 0
LR |

and forall n=0_ shows that

Tit] = i b, 2in (n )
n=l , Where the coefficients can be computed with

2
. b, = —JHU(T:) sin(ntidt for n=12, ...
the special formula o

o
b, = _J Ut) sin (nt) dt
L ]

z % _ 2 orm
= —J (Dmn(ntjjdlt+—J zin (nt) dt
oy g %

]| - Cos ()
= — for n=1
Now calculate b n

[t ]
[y]
]
1]
_—
|

Get The Answer.

5 cos (ﬂ]l —cos (o)
Uity = _Z £ zin (nt)
T
Therefore, nel

4.5.1 Characterization Of Harmonic Functions By

Mean Value Property

Let # (. ¥) be a continuous real-valued function of the two real
variables * @4 ¥ that is defined on a domain . (Recall from Section

1.6 that a domain P is an connected and open set of points in the

complex plane.) The partial differential equation

B (%, ¥) + dyy (5 ¥) = 0 s known as Laplace's equation and is
sometimes referred to as the potential equation.

If 'I'J-c (:’:: Y:l T 'I'y (H: Y:l T 'I'J-c:-c (H: Y:l r lI'I!.I’ (}{, Y:' r 'I'1_,r:-c (:’:: Y:l and 'I'ﬂr (}{, Y:' are
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all continuous, and if # (% ¥) satisfies Laplace's equation, then # (. ¥)

is called a harmonic function.

In calculus we might have been asked to show that polynomial
functions like wix¥) = x’-3x¥ and v (% ¥) = 3x' ¥-¥  and
transcendental functions like 1 (x. ¥) = " cos (¥) and

Jer|

u ¥ = 1ln

v (%, ¥ = € sin (¥)  and and

v (¥, VI arctan [E]

x *  are all harmonic functions. These pairs of
functions are not chosen at random, and there is an intimate relationship
between them, they are called the conjugate "harmonic functions.” It is

our goal to understand how this concept is tied in with analytic functions.

On the practical side, harmonic functions are important in the areas of
applied mathematics, engineering, and mathematical physics. Harmonic
functions are used to solve problems involving steady state temperatures,
two-dimensional electrostatics, and ideal fluid flow. we will show how
complex analysis techniques are used to solve these problems. For

example, the function

1
¢ (%, ¥l = — arctan [:
T

is harmonic in the upper half plane and takes on the boundary values

fo(x, 01 = 1 when |=x| =1

and B0 =0 when x| =1

4.6 THE POLAR FORM OF A COMPLEX
NUMBER

The fundamental trigonometric identity (i.e the Pythagorean theorem) is
2 N
cos*  +sin*d =1
From this we can see that the complex numbers

cosé# +rsin




Notes
are points on the circle of radius one centered at the origin.

cosd -+ tsin ¢
Think of the point moving counterclockwise around the
circle as the real number # moves from left to right. Similarly, the point
moves clockwise if # decreases. And whether & increases or decreases,
the point returns to the same position on the circle whenever # changes
by 27 or by 47 or by 2kw where k is any integer.

Exercise: Verify that
(cosd +¥sinéd;)(cosdy +isindy) = cos(d; + &) + i sin(d + ;)
Exercise: Prove de Moivre's formula
(cosé +isind)" = cosnd + tsinnd
Now picture a fixed complex number on the unit circle
z=cosd +¥isind |z| = 1.
Consider multiples of z by a real, positive number r.
rz = r(cosd + ¢sin ) lrz| =r|z| = 1.

As r grows from 1, our point moves out along the ray whose tail is at the
origin and which passes through the point z. As r shrinks from 1 toward

zero, our point moves inward along the same ray toward the origin. The

modulus of the point is r. We call the angle # which this ray makes with

the x-axis, the argument of the number z. All the numbers rz have the

same argument. We write
argrz =4
Just as a point in the plane is completely determined by its polar

(r,4)

coordinates , a complex number is completely determined by its

modulus and its argument.
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Notice that the argument is not defined when r=0 and in any case is only

determined up to an integer multiple of 2.

Why not just use polar coordinates? What's new about this way of

thinking about points in the plane

4.7 SUMMARY

We study in this unit Cosine and Sine for harmonic function. We study
an approximation using Partial sum.We study extended Fourier series in

the unit disk. We study piecewise continuous and Fourier cosine series.

4.8 KEYWORD

Caveat : a notice, especially in a probate, that certain actions may not be

taken without informing the person who gave the notice

Piecewise : a piecewise-defined function (also called a piecewise function
or a hybrid function) is a function defined by multiple sub-functions,
each sub-function applying to a certain interval of the main function's

domain, a sub-domain

Argument : a reason or set of reasons given in support of an idea, action

or theory

4.9 QUESTIONS FOR REVIEW

Q.1let £i2) = £{x+1¥) = u(x ¥l +1v X ¥ peananalytic
function on adomain . Then both “ (x. ¥1 and ¥ (. ¥} are harmonic

functions on . In other words, the real and imaginary parts of an

analytic function are harmonic.

Proof. Since t (2} is differentiable on I, the Cauchy-Riemann

equations ) imply that W= (% ¥) = ¥y (5 ¥) gngd Wy (X, ¥) = - Wy (% ¥

Q. 2 Show that w (%, ¥) = x*-7" js a harmonic function and find a

conjugate harmonic function ¥ (*.¥)  and an analytic function

£z = E(X+1%) = (¥, ¥ + 1Lv (¥ 7




Q.3 Showthat v (¥ = 3x*¥-¥° jsaharmonic conjugate

of nix.vl = xg—Sxyi

Q. 4 Given the harmonic functions %, ¥) = ® -3xy" and

v Ly = 3x'¥-7  and the analytic function

fiz) = £ix+1¥) = Wi ¥F) +1v (X ¥,

Q.5Let wx ¥ beharmonicinan £-neighborhood of the point
(s ¥ol . Then there exists a conjugate harmonic
function ¥ (x. ¥ defined in this neighborhood such that

£(z) = uix ¥ +3¥ (% ¥ jsananalytic function.

b3 Po.
¥ =¥ jsthe scalar

Q. 6 Show that the harmonic function # (*. ¥)

X -1L2¥

potential function for the fluid flow V%7

Q. 7 Assume that = (t) is the Fourier Series for U (t)  If
Uty and U' (£) gre piecewise continuous on [-7- 71 then 3 (t) js
convergent for all T€l-7. 71 | The relation U (t) = 5 (£} holds for all

te[-m, @ where U () iscontinuous. If ==t isa point of

5 (0) = Tic™) + U(ct)
discontinuity of U (t) | then ) z :

where U (c7) and U (™) denote the left-hand and right-hand limits,

respectively. With this understanding, we have the Fourier Series

ay = B
Tit) = —+Z(a,.,|:|:|s MLl +b,3in (L))
expansion: 2 M=
T
] T(t)=— for —matam .-
Q. 8 The function 2 , extended periodically by

the equation U (t+Zm)

=

t Z (-1t
T(L) = — = gin (nt)
2 1

n=1l

U (t) | has the Fourier series expansion

Q. 9 Assume that U () is an even function and has period 7. Here the

Fourier series for U () involves only the cosine terms,

Tty = ﬂ + Z an, C03 ()
(i.e. bn=0 foral n) and we write 2 n=l ,

Notes
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Q. 10 Assume that U (t) has the Fourier series representation

Tie) = =, Z {a, cos (nt) +h, 5in (mtl)
2 ma . Then the integral of T ()

has a Fourier series representation which can be obtained by termwise

integration of the Fourier series of U () | that

= 1yl
rU(rj dt = Z[(ﬂn+ -1 ) Zin (ntj—Ecns [(nt)
0 n

- I
IS n=l

a :ﬁl 1™l
_ut, = #Sin (nt)
2 h

n=l

where we have used the expansion

Q. 11 Assume that both U (t) and T' (] have Fourier series

T = =, Z (&, cosS (Lt) +b, 5in (mtl)
representation and that 2 ma

Then T' (%) can be obtained by termwise differentiation of T (£l that is

U (L) = Z(nhncus (Mtl-na,sin (mtl)
n=l
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4.11 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-I
Answer Q. 1 Check in Section 1
2 Check in Section 2.1
Check In Progress-11
Answer Q. 1 Check in section 4.3
Q 2 Check in Section 4.2

134



https://en.wikipedia.org/wiki/Digital_object_identifier
https://doi.org/10.1007%2Fbf02545790

UNIT 5 : GEOMETRIC SERIES AND
CONVERGENCE

STRUCTURE

5.0 Objective
5.1 Introduction
5.1.1 Common Ratio
5.1.2 Special Series
5.2 Convergence and Divergence in Series
5.2.1 Listing of Convergence Tests
5.3 Sequences and Series
5.4 Limit of a Sequence
5.4.1 Cauchy Sequence Convergence
5.5 The Cauchy Criterion (General Principle of Convergence)
5.6 Specific Geometric Series
5.7 Summary
5.8 Keyword
5.9 Questions for review
5.10 Suggestion Reading and References
5.11 Answer to check your progress

5.0 OBJECTIVE

e Learn about geometric series

To know convergence test

Test series of convergence

Test convergences Ratio test

Learn common ratio test

S.1 INTRODUCTION

In mathematics, a geometric series is a series with a constant ratio

between successive terms.
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Vot 13+ %+ 1/5+1/6 i

is geometric, because each successive term can be obtained by

multiplying the previous term by 1/2.

Geometric series are among the simplest examples of infinite series with
finite sums, although not all of them have this property. Historically,
geometric series played an important role in the early development

of calculus, and they continue to be central in the study

of convergence of series. Geometric series are used throughout
mathematics, and they have important applications

in physics, engineering, biology, economics, computer science, queueing

theory, and finance.

5.1.1 Common Ratio

The terms of a geometric series form a geometric progression, meaning
that the ratio of successive terms in the series is constant. This
relationship allows for the representation of a geometric series using only
two terms, r and a. The term r is the common ratio, and a is the first term
of the series. As an example, the geometric series is given in the

introduction,

Yot Yo+ 1/8+1/16+ ...l

May simply be written as

a+ ar? +ar® +art + ar®+
Witha=% andr=1%

The behavior of the terms depends on the common ratio r:

» Ifris between —1 and +1, the terms of the series approach zero in
the limit (becoming smaller and smaller in magnitude), and the
series converges to a sum. In the case above, where r is 1/2, the
series converges to 1.

» If r is greater than one or less than minus one the terms of the
series become larger and larger in magnitude. The sum of the
terms also gets larger and larger, and the series has no sum. (The

series diverges.)
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> If ris equal to one, all of the terms of the series are the same.
The series diverges.

» If r is minus one the terms take two values alternately (e.g. 2, =2,
2,-2,2,...). The sum of the terms oscillates between two values
(e.9.2,0,2,0,2,...). This is a different type of divergence and
again the series has no sum. See for example Grandi's series: 1 —

T+1—1+-

Sum

The sum of a geometric series is finite as long as the absolute value of
the ratio is less than 1; as the numbers near zero, they become
insignificantly small, allowing a sum to be calculated despite the series
containing infinitely many terms. The sum can be computed using

the self-similarity of the series.
Zeno's Paradoxes

The convergence of a geometric series reveals that a sum involving an
infinite number of summands can indeed be finite, and so allows one to
resolve many of Zeno's paradoxes. For example, Zeno's dichotomy
paradox maintains that movement is impossible, as one can divide any
finite path into an infinite number of steps wherein each step is taken to
be half the remaining distance. Zeno's mistake is in the assumption that
the sum of an infinite number of finite steps cannot be finite. This is of
course not true, as evidenced by the convergence of the geometric series

with
r=1/2.

5.1.2 Special Series

In this section, we are going to take a brief look at three special series.
Actually, special may not be the correct term. All three have been named
which makes them special in some way, however, the main reason that
we’re going to look at two of them in this section is that they are the only
types of series that we’ll be looking at for which we will be able to get
actual values for the series. The third type is divergent and so won’t have

a value to worry about.

Notes
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In general, determining the value of a series is very difficult and outside
of these two kinds of series that we’ll look at in this section, we will not

be determining the value of series in this chapter.
So, let’s get started.

Geometric Series
A geometric series is any series that can be written in the form,

oy n=larn—1
or, with an index shift the geometric series will often be written as,
oy n=0arn

These are identical series and will have identical values, provided they

converge of course.
If we start with the first form it can be shown that the partial sums are,
sn=a(l-rn)l—r=al-r—arnl-r

The series will converge provided the partial sums form a convergent

sequence, so let’s take the limit of the partial sums.

limn—oosn=limn—oo(al—r—arnl—r)=limn—ocoal -r—-limn—cocarnl-r=al—r

—al—-rlimn—oorn

Now, from the Sequences section we know that the limit above will exist
and be finite provided —1<r<1. However, note that we can’t let r=1since
this will give division by zero. Therefore, this will exist and be finite
provided —1<r<1 and in this case the limit is zero and so we get,

limn—oosn=al—r

Therefore, a geometric series will converge if —1<r<1, which is usually
written |r|<1, its value is,

n-wo) n=la rn—1=w) n=0 a rn=al—r

Note that in using this formula we’ll need to make sure that we are in the
correct form. In other words, if the series starts at n=0 then the exponent
on the r must be n. Likewise, if the series starts at n=1 then the exponent

on the r must be n—1
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5.2 CONVERGENCE AND DIVERGENCE
IN SERIES

Definition of Convergence and Divergence in Series
-]

The n™ partial sum of the series =7 a, is given by S, = a; + a, + ag +... +
an. If the sequence of these partial sums {S,} converges to L, then the
sum of the series converges to L. If {S,} diverges, then the sum of the

series diverges.

Operations on Convergent Series

If Z an = A, and Z b, = B, then the following also converge as

indicated:
ann:cA Z(an+bn):A+B Z(an-bn):A-B

5.2.1 Listing of Convergence Tests

Absolute Convergence

If the series =T |ay| converges, then the series =T a, also converges.

Alternating Series Test
If for all n, a, is positive, non-increasing (i.e. 0 < a,+1 <= a,), and

o o
approaching zero, then the alternating series Z (-1)"a, and ; )™
! a, both converge. If the alternating series converges, then the remainder
Rn =S - Sy (where S is the exact sum of the infinite series and Sy is the
sum of the first N terms of the series) is bounded by |[Ry| <= an+1
Deleting the first N Terms

If N is a positive integer, then the series

1]
o Z a, n=N+1

both converge or both diverge.

n=1 a, and
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Direct Comparison Test

If 0 <= a, <= b, for all n greater than some positive integer N, then the
following rules apply: If ==1" b, converges, then ==1 a, converges.

If =T a, diverges, then =T b, diverges.

Geometric Series Convergence

The geometric series is given by f=ar"=a+ar+ar’+ar +.. If|r| <

1 then the following geometric series convergestoa/ (1 -r).
If |r| >= 1 then the above geometric series diverges.

Integral Test
If for all n >=1, f(n) = a,, and f is positive, continuous, and decreasing

then
[ w]
I7.

either both converge or both diverge. If the above series converges, then

r=1 a, and

the remainder Ry = S - Sy (where S is the exact sum of the infinite series

and Sy is the sum of the first N terms of the series) is bounded by 0< =

Rn <= I(N..M) f(x) dx.

Limit Comparison Test

If lim (n--> ) (an / bp) = L, where ap, b, > 0 and L is finite and
o -]

3

positive, then the series =T a, and ==T by, either both converge or both
diverge.
n"-Term Test for Divergence

If the sequence {a,} does not converge to zero, then the

series w=T a, diverges.

p-Series Convergence




The p-series is given by #=1" 1/nP = 1/1° + 1/2° + 1/3° +... where p > 0 by
definition. If p > 1, then the series converges. If 0 < p <=1 then the
series diverges.

Ratio Test

If for all n, n # 0, then the following rules apply: Let L =lim (n -- > e0) |

an+1/ @ |. If L < 1, then the series =T a, converges. If L > 1, then the

series =T a, diverges. If L =1, then the test in inconclusive.
Root Test

Let L =lim (n -- > ) | a, |“". If L < 1, then the series =T a, converges.

If L > 1, then the series m=1" a, diverges. If L = 1, then the test
in inconclusive.
Taylor Series Convergence

If f has derivatives of all orders in an interval | centered at c, then the
(=]

Taylor series converges as indicated: &7 (1/n!) fV(c) (x - ¢)" = f(x) if
and only if lim (n-->e) R, = 0 for all x in I. The remainder Ry = S -

Sn of the Taylor series (where S is the exact sum of the infinite series and
Sn is the sum of the first N terms of the series) is equal to (1/(n+1)!)

f"D(z2) (x - ¢)™, where z is some constant between x and c.

5.3 SEQUENCES AND SERIES

In formal terms, a complex sequence is a function whose domain is the
positive integers and whose range is a subset of the complex numbers.
The following are examples of sequences:

£ (1) Mm=123 ...0

[}
J—
]
1
2 -
g —
+
J—
(0]
+
=
o —
B

n
i
!

g (1) m=1 2,3, ...];
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h (k)

]
o
+
L2%)
':l.
+
—

] (k=123 +..);

l+a

]
_—
g | -

+
e |
f—

r (1) m=1 2,3, ...0.

For convenience, at times we use the term sequence rather than
complex sequence. If we want a function s to represent an arbitrary
sequence, we can specify it by writing & (1) = 21, 8 (2) = 2;, 3 (3) = 23|
and so on. The values Zi- Z:» 2z, ... are called the terms of a
sequence, and mathematicians, being generally lazy when it comes to
such things, often refer to 1. 2:. 2:, 8LC. 3sthe sequence itself, even
though they are really speaking of the range of the sequence when they
do so. You will usually see a sequence written as Zntnz, 2n}1, oOF
when the indices are understood, as {2~} . Mathematicians are also not so
fussy about starting a sequence at 21, so that {2ntn-1, {Zn}na, etc.,
would also be acceptable notation, provided all terms were defined. For

example, the sequence r given by Equation (4-4) could be written in a

(a3, G300 {G3)),

k

{(3+3))

k=l .,

:n:'L,

variety of ways:

(3371

n=-% s

The sequences f and g given by Equations (4-1) and (4-2) behave

differently as n gets larger. The terms in Equation (4-1) approach

2+351 = (2, 5]  but those in Equation (4-2) do not approach any

particular number, as they oscillate around the eight eighth roots of unity
on the unit circle. Informally, the sequence ‘2=}1 has £ as its limit as n
approaches infinity, provided the terms 2~ can be made as close as we

want to £ by making n large enough. When this happens, we write

linmz, =% o z,=% a n—=w« lin =z, =2
Ty f e , We say that the sequence

{zn}1 converges to £. We need a rigorous definition for Statement (4-

5), however, if we are to do honest mathematics.

5.4 LIMIT OF A SEQUENCE
Definition 4.1 (Limit of a Sequence). e 2=t means that for any real

number €=U there corresponds a positive integer ¥e (which depends on



http://mathworld.wolfram.com/ConvergentSequence.html

) such that 2» £P= (£) whenever n=H=, Thatis |£-2nl < €

whenever = Y= Figure 4.1 illustrates a convergent sequence.

Figure 4.1 A sequence {zx!1 that convergesto £. (If

n=N: then 2n€le (£) )

Remark The reason we use the notation ¥= is to emphasize the fact that

this number depends on our choice of £. Sometimes it will be

convenient to drop the subscript.

In form, Definition is exactly the same as the corresponding definition
for limits of real sequences. In fact, a simple criterion casts the
convergence of complex sequences in terms of the convergence of real

sequences.

. . lim 2, =8
Theorem Let 2rn=%n+1%, gnd £=u+1%¥ Then , iff

lim ®,=u and limvy, =W
T T

Check in Progress-I
Note : Please give solution of questions in space give below:
Q. 1 Define Limit of a Sequence.

Solution :

Notes
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Q. 2 Define Geometric series.

Solution :

Example 4.1. Find the limit of the sequence tEnk = n
; 1 o n+l
Zn = Xp+L¥n = + 1
Solution. We write Wn m Using results

concerning sequences of real numbers, we find

. . 1
lim %, = lim —— =10 lim v, = lim S |
that ™ LY oy and ™= T 1 . Therefore

“n aLin+l
lim z, = lim M B SR
Toe T n

Aside. Just for fun, we can graph some of the terms in this complex

sequence.
)
2r ]
2
5 [ ]
[ ]
e * ¢
1&#..
1
£
L 1
T
. {«E + :1(n+1j}
. Znt =
The sequence of points n converges to
=1
. 1 o n+l
. Zn = X+ 1Y, = + 1 i i
We write ¥n n Using results concerning
. . 1
. lim ¥, =1lim —— =10
sequences of real numbers, we find that ™~ ™ a0 and
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15 15 n+l
im v, = 1lim =
v T e on . Therefore
n Lin+l
1imzn=1imr+ (ned)  h,a-a
T T ol
1 1 (l+mn)
En = +
Vn n
1
Xp = ——
o
l+n
¥n =
n
. i 1
lim %, = lim —— =0
T Ty ﬁ
) . l+n
lim v, = lim =1
T T byl

31 1 41 1 1 51 61 1 71 1 g1 1 91 1 1 101
{zn}={l+21,—+— —_—— —t—y — t—— —— + —— —— + —— , —— + N

r f f -
z Jz 3 J3'z 4’ s gv5'os g5 7T 47 8 34z 3 9

{z,) = {l.+2.4, 0,707107+1.54, 0.57735+ 1.33333 4, 0.5+ 1.25 1,
0,447214+ 1,21, 0,408248 + 1. 16667 1, 0.377964 + 1. 14286 1, 0.353553 + 1. 1254, 0.333333 + 1. 111114, ...}

The linirt of the sequence iz

. ) 1 i (1l+mn)
lin 2z, = lim [—— + ————
Ty Ty ,\.I'E n
lin z, = 0 + 1 (1)
T
lin =z, = 1
T

1 1 (l+mn)
Z, = Zin) =
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Z1 = l1+214
21 1
2F = — +
2
Az
41 1
=4 = —_— +
3
a2
1 51
= = = 4+ 2=
* 3 4
B i 1
Zg = -— +
5
A5
7i 1
2§ = LEL IS
E
Al B
§i 1
Za = 24
Iil
al 7
71 1
23 = = 4
8
Eal &
Zq - L, 10d
3 ]
i 1
Z1a = _— +
10
4l 1o
lii 1
Z11 = = 4
J_L
PINER
Z1s - f; s 1
2a) 2
14i 1
213 = -+
1z
A 12
151 1
Z14 = _— +
14
Al 14
161 1
215 = -+
15
A 18
1 171
Z = - 4+ =
16 4 16
15i 1
Z17 = —_— +
17
Al 17
Z1s - Wi 1
1 aal 2
ini 1
213 = —_— +
19
4l 19
ili 1
Z = 21,
in P s

lim =z, = lim
T

LQo0ooaoooo0g +
LT07106781187 +

LSTT350E69190 +

L 500000000000 +

LA4TE13595500 +
LANGZ45290464 +
L37T9e4473009 +
353553390593 +

333333333333 +

LI1EEZZTTEE0LT +
301511344575 +
. 283675134595 +
LZTT3500358115 +
LZETEE1E4191Z +
253198839747 +

L 250000000000 +

242535625036 +
235702260396 +
L 229415733871 +

L 223606797750 +

0+ 4 (1) =1

R

We see that the limit of the sequence tzn) = { o

.00aooaoaoong i
. 5000002000000 1

. 333333333530 1

L 250000000000 1

. 2000002000000 1

166666666670 1

142857142860 1

125000000000 1

1111111111104

L 100a0o0oooon o

090902090510 4

L0583333333530 1

LO769230765920 1

071425571430 1

066666666670 1

062500000000 1

058823529410 1

LO055555555560 1

0526315785950 1

. 050002000000 1

}is:ﬂ.

However, the real part is converging slowly to 0 and the imaginary part

is converging a little faster to .

Example 4.2. Show that the sequence 2=} = {{1+1)"} djverges.




Z, = [(L+1)" = %, + L%,

Z., = I{'\E:In cas% + 1 I{’\E]InSinE

Solution. We have 4  The real

n nm n . nm
sequences " (V2] eos and " (2] sin both exhibit

divergent oscillations, so we conclude that z» = (1 + 31" diverges.

Aside. Just for fun, we can graph some of the terms in this divergent

complex sequence.

* Zap
*

- =
-4 Z Z k] & &

-Z
*» 2

=&

L ) *

The sequence of points {za} = {(1+1)7} diverges.

fent = {(1+1)™}
[z} = {2 Ens[%] +12™E Sin[nT:T]}

{2} = {1+, 21, -2+21, -4, -4-41, -31, F-81, 16, 16 +161d, 3214, ...

lim =z, = lim (1 + 21" = ComplexInfinity
T Ty

Interval [{—ew=, «}]

T
lim %, = lim 2™! Cns[—]
T T 4

Interval [{-w=, =]

T
lin v, = lim 2™* Sin[—]
T T 4

lim 2z, = lim (1+ )™
T T

Interval [{-w, «}] + L [(Interval [{-=,=}]]

lim z, = lim (L+1)™

[(1+1) Interval [{-o, «=}]

Tt Tt
. , nit n

lim %, = lim 2 Cns[—] = Interval [{-w, «}]
Tt T 4

¥}t diverges

. . Wi [TT
lim v, = lim 2 Sln[—] = Interval[{-e=, =}]
T T 4

Ivat  diverges

'

Notes
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Zn zin) = (1+@a1"

{2n}

lim 1+ 30" = Interval[{-eo, '] + 4 Interval[{-e, o}]
T

{24} diverges

We see that the sequence {2x} = {(L+1)7} js divergent.

Definition 4.2 (Bounded Sequence). A complex sequence {Za} is

bounded provided that there exists a positive real number R and an
integer N such that |z~ 1 <& forall n=¥_|n other words, for 2= ¥ the

sequence tzn} is contained in the disk D= (01

Bounded sequences play an important role in some newer developments
in complex analysis that are discussed in Section 4.2. A theorem from
real analysis stipulates that convergent sequences are bounded. The same
result holds for complex sequences.

Theorem 4.2. If {2} is a convergent sequence, then {2x} is bounded.

As with real numbers, we also have the following definition.

Definition 4.3 (Cauchy Sequence). The sequence {za} is said to be
a Cauchy sequence if for every =0 there exists a positive integer e,

such that if =, = = Ne then |zn-2m | < & or, equivalently,

En-EZm £ De (0]
The following should now come as no surprise.
4.2 Cauchy Sequences Convergence

Theorem 4.3, (Cauchy Sequences Converge). If {2n} is a Cauchy

sequence, then {Za} converges.

One of the most important notions in the analysis (real or complex) is a

theory that allows us to add up infinitely many terms. To make sense of

(1+1, 24, -2+21, -4, -4-41, 61, 5-61, 16, 16+161, 324, ...

H



http://mathfaculty.fullerton.edu/mathews/c2003/JuliaMandelbrotMod.html
http://mathworld.wolfram.com/CauchySequence.html
http://mathworld.wolfram.com/CauchySequence.html

such an idea we begin with a sequence {z=} , and form a new

sequence *#n}, called the sequence of partial sums, as follows.

1 = 21,

Sg = Z1+Zz,

53 = Z1+&g+ 22,
o

5n = Z1+Z5+ cu. +En = ZZ};,
k=1

Definition 4.4 (Infinite Series). The formal

=

Ep = 21+ 2+ +Et ans
expression k=1 is called an infinite series, and
Z1. %3 ---; En .-+ are called the terms of the series.
5 = lim &, = limsz
If there is a complex number S for which ’”’” e we
Zk

will say that the infinite series k=L converges to S, and that S is the

sum of the infinite series. When this occurs, we write ksl . The
= Zk
series k=L s said to be absolutely convergent provided that the (real)
. e .
series of magnitudes k=1 converges. If a series does not converge,

we say that it diverges.

Remark 4.2. The first finitely many terms of a series do not affect its
convergence or divergence and, in this respect, the beginning index of a

series is irrelevant. Thus, we will without comment conclude that if a

= Z Ex
series ¥l  converges, then so does x=t  where Zi Z ---. Z5 |S any
finite collection of terms. A similar remark holds for determining the

divergence of a series.

As you might expect, many of the results concerning real series carry
over to complex series. We now give several of the more standard

theorems for complex series, along with examples of how they are used.

Notes
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Theorem 4.4. Let 2n=%n+21¥ gnd “=U+1¥ Then

=

5= 5 &= icxnmm
=L

n=l

(converges) if and only if

T = an EII.d Vo= ZY,-,
both n=l =L (converge).

-

Zz,., . . lim =z, =0
Theorem 4.5. If =2 is a convergent complex series, then ™=

Example 4.3. Show that the series

P ke M of [Pl

ke ke
n=l n n=l n n

is convergent.

= l e [:_l:]:n

. . T
Solution. Recall that the real series == * and = ™  are convergent.

Hence, Theorem 4.4 implies that the given complex series is convergent.

Aside. Just for fun, we can graph some of the partial sums of this

complex series.

ol
| 2
U\|>L

"1+ ik (-1)%
| R
The partial sums k=l

5 al i 1n (2)
= — -11n
6 .

converge to the value
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The real and imaginary parts are

=1 art
1 &
Zn(-1"
ZL = -Log[2]
ni

n=l

The complex series is

*1l4+dn (1" o
Z—z  _dLag[Z]
o n [

Zl+in(-1)" .
Z— = 1.64493-0.693147 1

i
n=l n

no) ] n (—l)k
8ao= (0= 2D )
k:lk k=1 k
. {1 5 1 49 51 205 71 5269 471
= A, — - — ——— — e —
r "4 z" 36 6" laa 1z " 3so0  eo0 ’
5369 371 266681 3194 1077749 5331 9778141 18794 1968329 16274

* lz7o0s0 | 2520 ¢

T

3600 60 ' 176400 420 ' 705600 840 ' 6350400 2520

{8,y = {l.-1.2,1.25-0.54, 1.36111-0.8333353 4, 1.42361 - 0,583333 1, 1.46361 - 0, 783333 1,

1.49139-0.616667 1, 1.51158 - 0,7595241, 1.58742 - 0.634524 1, 1.53977 - 0.745635 1, 1.54977 - 0.6456351, ...

nol no-1)k Log[4] 1
in = EZ—) + :I'L(Z b ) = Harmonicluwher[n, 2] +1 (_ glal
'.k;'l.kz k=l k 2

The sum of the infinite series is

ER s kgt
R s iy SN — _iLog[z]
](:Lk k=1 k &

. ¢ Log[4] 1
3n = 3(n) = HarmonicNumber[n, 2] + 1 |:—
o
lin 5, = — -1 Log[Z]
T B
lim 5, = 1.64493-0.685931471
Tz

= l+ik (-19" o
Z—i = _ilLog[Z]
&~ k &

“ l+ik (-139F
5 = Z+—H = 1.64493-0.693147 i
k=1 ki

Therefore, we see that the infinite series converges, indeed

i 1+in(-13" =t

- = — -4 Log[2]
=} n g . Example 4.4. Show that the series
i -17+ 1 i -0t 1
_ = + 1 —
= B nal [ n H ] is divergent.
= 1

Solution. We know that the real series == ™ is divergent. Hence,

Theorem 4.4 implies that the given complex series is divergent.

s -1)7" [PnlyGam.malD, 1+ %] - PolyGamma’D,

4

l+n
z

= (17 [PolyGamnaa, 1+ %] - PolyGauual0,

Notes

1)
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o _l:n
Z( 2 Loglz]

n=l h

The real part conwerges.

Sum: tdiv @ Suam does not converge.

St

:n:'Ln n=l n

The imaginary part diverges.

ELM = =Log[2] +i§%

n=l n

The series diverges.

=1
Remark 1. Since the answer returned for the imaginary part was ==L n :
this means that a sum was not found. It is known that the partial sums of
the harmonic series grow slowly without bound. For example, adding
10, 100, 1000 and 10000 terms yields:

Remark 2. The integral test could also be used.

1 b1
r—d]x = lin| —dx = lim Log[b] = =
1 X b ) X b=

The integral diwverges, therefore

-
the szeries Z— diwverges to .
:n;'Ln

) {1 1l 31§ 1ld 7 281 47 137d
=-l4d, - — 4 —, — ——, -— ¢ ——_ —
i} iz s s "1z 12" e enf
37 431 319 3631 535 7eli L1879 7l29i 1e27 73Eli }

- [

§0 20 ' 420 140 ' 840 280 2520 2520 © 2520 2520

{dnd = {-1o+lo 4, -0.5+ 1050, -0.833333 + 1. 833353 1, -0.583333 + 2.08333 4, -0.783333 + 4. 28335 1,
-0.616667 + 2,451, -0.739524 + 2, 59286 4, -0.634524+ 2.71786 4, -0.745035 + 2, 82897 1, -0.643635 + 2.928971, ...}

-1k uiy | Log[4] 1 n l+n
Y C” 1)~ « 1 Raruoniclumber [n] - gl L g [Polysammaln, 1+—] -Polysamma[u, —]]
Sk Sy 2 2 2 2

= —l k - l
E (-1) + le — = Indeterminate
ka1 E S

(L+a)"
Example 4.5. Show that the series n=1 is divergent.
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Solution. Here we set zn = (1+11" and observe that

lim |z | =lim | (1+2)7 | =lin (2" - lim z,, # 0
T T T

“ . Thus , and
Theorem 4.5 implies that the series is not convergent; hence it is

divergent.

Aside. Just for fun, we can graph some of the partial sums of this

divergent complex series.

an

-1z0 -l00  -30  -E0  -40  -20 z0 40

(5.} = {i (1+4)*]
k=1

The sequence of partial sums diverges.

lim |(l+2)™]

lim Ahs[(l+1)™]
T

T

lim [(l+ )™ = lim 2™*
T T
lim |[(L+3"] = =

T

lim =z, £ 0 L. A
Hence »5= | and the series is divergent.

Check in Progress-11
Note : Please give solution of questions in space give below:
Q. 1 State Dirichlet Problem.

Solution :

Notes
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Q. 2 Define Extended Fourier in The Unit Disk.

Solution :

Zn, and Zw,.,
Theorem 4.6. Let ==L ™ be convergent series, and let ¢ be a

- -
Semec S
n=l

complex number. Then ==t

o o L
2, (En4Wn) = > 204 )W
n=l n=l .

and nl

2y b
Definition 4.5 (Cauchy Product of Series). Let == and »=1  be

convergent series, where @ &nd bn are complex numbers. The Cauchy

Cn
product of the two series is defined to be the series =1 |, where

T
Cn = Z Ay h:n—il-:
k=1 .

Theorem 4.7. If the Cauchy product converges, then

Z%%g%]i“

n=l ] , Where

kLl
Cn = Z = h:n-}:
k=1 .

The proof can be found in a number of texts, for example, Infinite
Sequences and Series, by Konrad Knopp (translated by Frederick
Bagemihl; New York: Dover, 1956).

=

My,
Theorem 4.8 (Comparison Test). Let »sL  be a convergent series of

real nonnegative terms. If {Za} is a sequence of complex numbers and
Zn
I 2o | = Hn holds for all n, then == converges.
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http://mathworld.wolfram.com/CauchyProduct.html
http://mathworld.wolfram.com/CauchyProduct.html
http://mathworld.wolfram.com/CauchyProduct.html
http://www.amazon.com/exec/obidos/tg/detail/-/0486601536/qid=1130330440/sr=2-1/ref=pd_bbs_b_2_1/002-9738967-2168054?v=glance&s=books
http://www.amazon.com/exec/obidos/tg/detail/-/0486601536/qid=1130330440/sr=2-1/ref=pd_bbs_b_2_1/002-9738967-2168054?v=glance&s=books
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Knopp.html
http://mathworld.wolfram.com/ComparisonTest.html

Notes

| s | > en
Corollary 4.1. If ==t converges, then =L converges.

In other words, absolute convergence implies convergence for complex
series as well as for real series.

=(3 o+ 41"

gnni

Example 4.6. Show that the series ==t is convergent.

(3 4 41"
gn it

1
w Using the

|zn|=|

Solution. We calculate
=1

comparison test and the fact that == ™ converges, we determine that
Z (3 + 41"
| gnpt

= 03+ 447

gnpi

converges and hence, by Corollary 4.1, so

does ==L

Aside. Just for fun, we can graph some of the partial sums of this

complex series.

.
e
W 3d

1 (3+4m)E
Bn) = { ( 5+}: };:J }
The partial sums k=L converge to the value

5= 0.403311+1.00841 14

6 The Cauchy Criterion (General Principle of Convergence)
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A sequence of real numbers, aj, ay,... , an,... wWill have a finite limit value or will be
convergent if for no matter how small a positive number [ we take there exists a
term a, such that the distance between that term and every term further in the
sequence is smaller than (1, that is, by moving further in the sequence the

difference between any two terms gets smaller and smaller.

As a, +r, Wherer =1, 2, 3,... denotes any term that follows a,, then
|an+r<ap|<foralln>ny r=1,23,..

shows the condition for the convergence of a sequence.

If a sequence {a,} of real numbers (or points on the real line) the distances
between which tend to zero as their indices tend to infinity, then {a,} is a

Cauchy sequence.

Therefore, if a sequence {a,} is convergent, then {a,} is a Cauchy sequence.

The Cauchy criterion or general principle of convergence, example
The following example shows us the nature of that condition.

Example: We know that the sequence 0.3, 0.33, 0.333,... converges to the

number 1/3 as

1/3 = 0.33333.... Let write the rule for the n™ term,

03 033 0333, or —, o 22
107 100" 1000
o 1, 1, o, 21T cxn=l-(l—
10 7 10f 107 "9 3

If we go along the sequence far enough, say to the 100" term, i.e., the
term with a hundred 3's in the fractional part, then the difference

between that term and every next term is equal to the decimal fraction with




Notes
the fractional part that consists of a hundred 0's followed by 3's on the

lower decimal places, starting from the 101% decimal place. That is,

@101 — @ | = l.[l_L]_l.(l_L] _‘_l. 1 11
L 1000 ) 3 1010 7 101 3 1l

Therefore, the absolute value of the 1

difference falls under 10l

Then, if we go further along the sequence and for example calculate the distance between the
100000™ term

and the following terms, the 1

distance will be smaller than 10000 -

Hence, since we can make the left side of the inequality as small as we wish by
choosing n large enough, then all terms that follow a, (denoted a, +, r=1, 2, 3,...),
infinitely many of them, lie in the interval of the length 2 symmetrically around
the point a,. Outside of that interval, there is only a finite number of terms. That is,
<ap+r an<+foralln>ny,r=1,2 3,..

or ap<ap+r<ap+l
So, the terms of the sequence, starting from the (n + 1)™ term, form
the infinite and bounded sequence of numbers and so, according to the
above theorem, they must have at least one cluster point that lies in that
interval. But they cannot have more than one cluster point since all
points that follow the n™ term lie inside the interval 2 lengths of which is

arbitrarily small if n is already large enough so that any other cluster point
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will have to be outside of that interval.

Thus, the above theorem simply says that if a sequence converges, then the terms

of the sequence are getting closer and closer to each other as shown in the example.

Some important limits

(1) Let examine the convergence of the sequence given by a, =|a [’

a) if | a|> 1 then we can write | a | =1 + h, where h is a positive number.
So, by the binomial theorem

aln—1)

B

la| = (1+&)" = 1+nk+

If we drop all terms beginning from the third that are all positive since the binomial
coefficients are natural numbers, if n > 2 and h > 0, the right side become smaller,
S0 obtained is the Bernoulli's inequality

(1+h)">1+nh, n>2.

When n then 1 + nh tends to the positive infinity too, since we can make 1 + nh

greater than any

given

positive therefore will even
number N, as 7l more tend to

if only we infinity | a |" which is
take

greater. Thus,
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lim |a|® =00, |a|=1, or litn a® =0 if @ =1
Iia] 0
b)if 0<|a
1 1
| <1then we |a]=7. &>1 and |a|"= .
can write

Since b >
1 then

such that

. n
lima&® = oo, | @] <
AN ]
whenever

1 however
— <z or B »—, )
b g small O is,

this inequality can be satisfied by choosing n large enough. Therefore,

lim |a[*=0, |a|<],
H=s00

or

lima®=0, if 0<a=<l.

300

(2) Let examine convergence of

the sequence give by

The

Se uence

|2

:E:

|2

ER

4]

the n-
th
term
of

. acR, which
we
can
write

as
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la]”_|al"

#l

ja]"™

ml (m+D - (m+2) o ml

For every | a | > 1 there exists a natural number m such thatm <|a|<m+ 1and n > m then

< lal” _fa”™

(D

since

—|a| <1
m+1

it follows that a, < 0 or we write

limm =0, forall »el and a k..

(3) Let examine convergence

of the sequence given by

a) If a> _
is
1 then _
h a, ., Va,..  ia decreasing,
e e, sa, o, Ba,
that is
sequence
P Il AR | P PR |
then by the
Bernoulli's
Let Ha=1+k, k>0 o a=(+)" inequality
a>1+nh
so that
g1 Since the numerator a < 1 is fixed number then, if n <
0«h .
= P 0 then h < 0 too, therefore

So
we o
Ha =1+k tendstol. can 1111_:'111:1:"4";:1, forall @ >1.
write
DITosas a,+a, 3a,.  Ha,. is increasing,
1 then the
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sequence that is

1
acfa <a o ety W a1

For
5 o1
example, 0.04, 004, 3004, ,-9."[].04,
or 004, 0.2 0341995 0724779 -
If we 1 1
_ a=—, b>1 then %a=— and %% =1 as n 2o, thatis |1-5&| =0
write & E,-"E
) 1 1 1
Since E.I'rf:}l of — <1 then WE—I = —=-1|=— 1—’{""5 < 1—%’5 .
o5 | | o ‘ ,@I | < |
so it follows
|3z —1|—0 as »—>co [Therefore, lim%a =1, 0<a<l.
that p AN ]
c)
If a=
g =1 sothat lim%a =1, a=1.
1 00
then

Since in all three cases above, a), b) and ¢) we've got the same result, then we can write

im%a=1 a0
Fr0n

5.6 SPECIFIC GEOMETRIC SERIES

e Grandi'sseries: 1 —=1+1—1+--
e 1+2+4+8+--.

o 1-2+4—-8+:

e 1/2+1/4+1/8+1/16+ ---
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o 12—-1/4+1/8—-1/16+ ---
e 1/4+1/16+1/64 + 1/256 + ---

5.7 SUMMARY

We study in this unit Geometric series and its examples. We study
convergence and divergence of a series. We study sequence and series.
We study Cauchy Sequence Convergence. We study General Principal of

Convergence.

5.8 KEYWORD

Convergence : The tendency of unrelated animals and plants to evolve
superficially similar characteristics under similar environmental

conditions
Geometric : Characterized by or decorated with regular lines and shapes

Paradox : A statement or proposition which, despite sound (or apparently
sound) reasoning from acceptable premises, leads to a conclusion that
seems logically unacceptable or self-contradictory.

5.9 QUESTIONS FOR REVIEW

- .
Rt £(2) = —— -
Q.1If Izl <1 theseries »» converges to 1 -z Thatis, if
= 1
e R T
1l -=

lz] <1 then ==t

i(l——ij"‘ = 1-1
Q.2 Showthat = &

=

£n
Q. 3If »» isacomplex series with the property that
Lig M &l _ _
mo= | En , then the series converges absolutely if L =1 and

divergesif L1,
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5.11 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-I
Answer Q. 1 Check in Section 4
2 Check in Section 1
Check In Progress-11
Answer Q. 1 Check in section 4.3
2 Check in Section 4.2
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UNIT 6 : PRINCIPAL OF
CONVERGENCE

STRUCTURE

6.0 Objective
6.1 Introduction
6.1.1 Necessary Condition for Convergence
6.2 The Cauchy Criterion (General Principle of Convergence)

6.3 Weierstrass Product Inequality

6.4 d'Alembert's Ratio Test

6.5 Limit Supremum

6.6 Root Test

6.7 Summary

6.8 Keyword

6.9 Questions for review

6.10 Answer to check your progress

6.11 Suggestion Reading and References

6.0 OBJECTIVE

¢ In this unit, we shall study about necessary conditions for
convergence of both sequence and series.

e We shall study also Cauchy General Principal of Convergence.

We study Weierstrass Product Inequality of series.

6.1 INTRODUCTION :
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There are some necessary conditions for convergence of both

sequences and series. Sequences: If a sequence converges, then it is

Cauchy.... If a series converges, then the sequence as That means that an

infinite sum only converges if the terms of the sum are getting closer and

closer to 0

6.1.1 Necessary Conditions for Convergence

As with sequences, the

only depends on the

o0
P . i3 .
convergence of an infinite series HZ;{ * behavior of the

a general term of the series a, as n increases to infinity, and not

on any finite number of its initial terms.

Note that, | = wrl ©
. a, = ¢ a,+ ¥ ., where #,xn e,
since Z_‘{ " Z_{ " Z "
n=l n=l =m
] _ P converges if | w
the series p _ 4. [converges.
Z_: 7 and only if 2%,
n=l =m
converges
we can
Therefore, to )
X X o ignore any | =1 ]
show that a a o a2 atthe
_ Ei " finite HZ;* "
series
number of
terms

beginning, and just need to prove the convergence | «

of the tail or remainder

The difference between the sum s of a convergent

> a

=

N

of the

series.

series a; + a, + as +... + a, +... and the n™ partial sum s, is called the

remainder (tail) r, of the series, i.e.,

rn:s,Sn:an+l+ an+2+an+3+... OrS:Sn+rn.

Thus, if

a series

o
2 %
n=l

converges then the remainder rp =ap+1+ an +

2+ an +3+... converges too,

166




Notes

) and s
thatis, | .
_ ims,=s | =si+r |limr,=0
since H .
then,

Necessary and sufficient condition for the convergence of a series -
Cauchy's convergence test
Necessary and sufficient condition that the sequence of partial

sums {sn} of a given series converges, and

hence the w converges is, that for given however small
series HZ;{ " |positive number n , it is possible find

an index ng such that |Sy+r, Sn| <oowhenevern>npandr=1,2,3,...,
or expressed by terms of the series, if
|an+1tan+2tanest... +an+| <owhenevern>ngandr=1,2, 3,....

Therefore, a series converges if the absolute value of the sum of any
finite number of sequential terms can become arbitrary small by starting

the addition from a term that is far enough.

Necessary condition for the convergence of a series

Hence, it is a necessary condition for the convergence of a series that its

terms tend to zero as n

increases to i 0 So, if this condition is not satisfied
im @, = U
infinity, that is | »»* with the series diverges.

That this condition is only necessary but not sufficient condition for the
convergence shows the harmonic series for which

1 .
im—=0 but s=lims, =00,
e i H—s0

as was shown in the previous section.
The necessary condition for the convergence of a series is usually used to

show that a series does not converge.

The nth term test for divergence

[ua)
If lima, doesnotexistorif lima, =0, then the series " a, diverges

npen n® n=l
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Note that,

] nr-l w
] &, = ¢ da,+ » ,, where #,xn e M,
since Z_‘{ " Z_‘{ nt 2
=] =] =m

the | = |convergesif | w
series 2% and only if Ej"

n=l

converges.

Therefore, to @ [converges we can ignore any at

nl
show that a series Z'ﬂ” finite number of terms E{a” the

n=1

beginning, and just need to prove the w )
) ) >a of the series.
convergence of the tail or remainder =

The difference between the sum s of a convergent
series al + a2 + a3 +... + an +... and the nth partial sum sn is called the

remainder (tail) rn of the series, i.e.,

m=s-sn=an+l+an+2+an+3+... ors=sn+rn.

Thus, if

=  converges then the remainder r, = an+1+ an +
. ol
a series E{ " b+ an+3+... converges too,

_ and s
thatis, | .
) hm‘gn:'g =Syt Iy limrn=|:l.
since rm no
then,

Necessary and sufficient condition for the convergence of a series -
Cauchy's convergence test
Necessary and sufficient condition that the sequence of partial

sums {sn} of a given series converges, and

hence the converges is, that for given however small

o
series HZ;{ n positive number [J it is possible to find

Note that this is only a test for divergence. That is, if we can prove that
the sequence {a,} does not converge to 0, then the infinite series does not

converge.

Properties of series

If given are two convergent series,

o

> a,=s5, and 3 b, =5,

n=l n=l

then the convergent series is obtained by adding or subtracting their same
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index terms, and its sum equals the sum or the difference of their

individual sums, i.e.,

a1} oo a1}
Dila, tE) =2 a, £ b =5, 15,
=) - -

o0

ow
If a,=s then > (c-a,)=c s forany constantc.

n=1 n=1

The product of two series or the Cauchy product

If given are two

(1] 1]
convergent series of > a,=0, and > b, =3,
=l =1

positive terms,

then the

product

o
EPRESS Z I:al‘f:':'e +a2‘E:'n—l +- an—le + anblj
=1

denotes the convergent series sum of which is equal to the product of the

sums of the given series.

6.2 THE CAUCHY CRITERION
(GENERAL PRINCIPLE OF
CONVERGENCE)

Sufficient condition for convergence of a sequence - The Cauchy

criterion (general principle of convergence)

A sequence of real numbers, ay, ay,... , an,... will have a finite limit value

or will be convergent if for no matter how small a positive number we

take there exists a term a, such that the distance between that term and

every term further in the sequence is smaller than, that is, by moving

further in the sequence the difference between any two terms gets smaller

and smaller.

As a, .+, Wherer =1, 2, 3,... denotes any term that follows a,, then
|an+r,an| <o foralln>ng,r=1,23,...

shows the condition for the convergence of a sequence.

If a sequence {a,} of real numbers (or points on the real line) the

distances between which tend to zero as their indices tend to infinity,

then {a,} is a Cauchy sequence.

169




Notes

170

Therefore, if a sequence {an} is convergent, then {a,} is a Cauchy

sequence.

The Cauchy criterion or general principle of convergence, example
The following example shows us the nature of that condition.

Example: We know that the sequence 0.3, 0.33, 0.333,... converges to

the number 1/3 as

1/3 = 0.33333.... Let write the rule for the n™ term,

03 033 0333 o — o 23
107 1007 1000
S %-11, %-111,___, 5 101 that an=l-[1—
10710 10 0 9

If we go along the sequence far enough, say to the 100" term, i.e., the
term with a hundred 3's in the fractional part, then the difference between
that term and every next term is equal to the decimal fraction with the
fractional part that consists of a hundred 0's followed by 3's on the lower
decimal places, starting from the 101 decimal place. That is,

1 1 1 1 1 1 1 1 1
|ﬂ1m—ﬂ1|:|u|:‘ g'[l_mﬁ]_ g'[l_ IDT] = ‘_g 10m1 3'10100 :5
Therefore, the absolute value of 1
the difference falls under W'

Then, if we go further along the sequence and for example calculate the

distance between the 100000™ term

and the following terms, the 1

distance will be smaller than

Hence, since we can make the left side of the inequality | an+r, an | < as

small as we wish by choosing n large enough, then all terms that

follow a, (denoted a, +, r=1, 2, 3,...), infinitely many of them, lie in

the interval of the length 2 symmetrically around the point a,. Outside of

that interval there is only a finite number of terms. That is,
<ap+r,an<+foralln>ng,r=1,2,3,..

or a, <ap+r<apt+.

So, the terms of the sequence, starting from the (n + 1)™ term, form the

infinite and bounded sequence of numbers and so, according to the above
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theorem, they must have at least one cluster point that lies in that

interval. But they cannot have more than one cluster point since all
points that follow the n™ term lie inside the interval 2 length of which is
arbitrarily small, if n is already large enough so that any other cluster
point will have to be outside of that interval.

Thus, the above theorem simply says that if a sequence converges, then
the terms of the sequence are getting closer and closer to each other as

shown in the example.

Some important limits

(1) Let examine convergence of the sequence given by a, =|a |’
a) if | a| > 1 then we can write | a| =1 + h, where h is a positive
number.

So, by the binomial theorem

|a|" = (1+4)" = 1+nﬁz+—”(f;) B+ + k"

If we drop all terms beginning from the third that are all positive since

the binomial coefficients are natural numbers, if n > 2 and h > 0, the right

side become smaller, so obtained is the Bernoulli's inequality
(L+h)">1+nh, n>2.

When n then 1 + nh tends to the positive infinity too, since we can

make 1 + nh greater than any

given positive )
_ -1 [therefore will even more tend
number N, if only we | # =

take

% toinfinity | a|" which is

greater. Thus,

lim |a|* =0, |a|=1|or| ima®=c0 if ax=1
0o B

b)if 0<]a|<1

1 o
then we can write |a|_§’b}1 and |a| T

) such that
Since b > . 1 1 however
limd® =0, |2l <0 | — g or 8% »—, _
1 then g B g ismall OJ is,
whenever
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this inequality can be satisfied by choosing n large enough. Therefore,

lim|a|"=0, |a|<l |or| ima®=0, if 0<a<l
ot P

(2) Let examine convergence of

_lal®
the sequence given by B = al
the n-th term of
The ] )
|| la] la] |4l R Wwhic we can write
sequence|' " 217 31T Tl T T ’
as
lal”_lal la| |a]  lal lal  |al
#l 1 2 3 mom+l b

For every | a| > 1 there exists a natural number m such that m<|a|

<m+1andn>mthen

lal" la[* __ Ja™  _le[" _la|"™

o oml (mAD-Gm+2)on oml e+
since| 1#/ =1 it follows that a, [J 0 or we write

m+1

limm =0, forall »el and a k..

(3) Let examine convergence of

the sequence given by

a) If a>1then

1 z is decreasing, that is
the sequence a, fa, Y, Ya, .

+1
@ wofa a2 ia > s 51

then by the Bernoulli's
Let | ny =14k 220 or a=(1+i"[inequalitya>1+nh

so that
2 -1 Since the numerator, a [J 1 is fixed number then, if
0k .
= » N[ 0thenh [0 0 too, therefore

So we

% =144 tendstol | CaN  |lim%a =1, forall a>1
. el
write
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b) If 0 <a<1then IS increasing, that

the sequence IS

+
a g <da o 2tfa Wy 21

Forexample, | ¢ 04, f0.04, 3004, --- 004, -

or 004, 0.2, 0341955 0724775, -~

If
we 1 1

Cla==, A=1 then E‘I'E: and ﬁ.'rf?—ﬂ as » —» o0, thatis |1-
writ B 2y
e
Since W >lor —— <1 then |Ya-1|= i—l‘—lu—%@wu

b i) 4b
S0 it
follows| |5z — 1| =0 as »—> oo [Therefore, lim % =1, 0<a <1,
s}

that

clfa=1

then -JE:I zo that Lﬂ;«ﬁ =1, a=1.

Since in all three cases above, a), b) and c) we've got the same result,

then we can write

lim%a=1, a=0
oy}

Check in Progress-I
Note : Please give solution of questions in space give below:
Q. 1 Define the necessary conditions for convergence.

Solution :

Q. 2 State General Principal of Convergence.
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Solution :

6.3 WEIERSTRASS PRODUCT
INEQUALITY

In mathematics, the Weierstrass product inequality states that, For
given real numbers 0 < aj, 8y, a3, as,..., & < 1. Where, The inequality is
named after the German mathematician Karl Weierstrass. It can be

proved by mathematical induction
If 0=a, b, c,d=1 then

l=-a)l=-Bl-cl-dl+a+b+c+d=].

This is a special case of the general inequality

T

]_](1 —a)+ Za > 1
=1

for 0=ai.az. ....,a. =1 This can be proved by induction by supposing
the inequality is true for » =& and then adding a new element z. The sum
then increases by z, while the product p increases by (1 =z)p = p. The
total increase is then z+ (1 = z) p = p=z (1 - p), which is greater than 0
since both z and 1 = p are between 0 and 1. Since the inequality is true

for n=1(1=a +a =1z1) itis therefore true for all ».

Geometric Series and Convergence Theorems
We begin this section by presenting a series of the form ==t which is

called a geometric series and is one of the most important series in

mathematics.
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2,

Theorem (Geometric Series). If 21 <1 the series ==t  converges to

1
£(z) = —— .
1 -z . Thatis,if 21 <1 then
= 1
Zzn=l+z+zi+...+zk+... =
e L-2 If lz1 =1 the series
diverges.
- .

. z £(E)= ——

Corollary 2. If 121 =1 theseries L  converges to z- 1,
d 1

- z“l+z'2+...+z'*+... =

Thatis,if 121 =1 then == z- 1
ad 1
_Se™ o g togto L ozt L., =

or equivalently, = -2 f

=1 =1 the series diverges.

Corollary. If 2#1 then for all n,

1 =
s lezazia... sty

l -= l -z,

i (l_—j'jn = 1-1
Example. Show that = 7 :

l-1

. Iz = | l1-1 | "4"3
Solution. Ifweset 2 ,then B 2

_ l/(l_l—1]= 2 o
Theorem 4.12, the sum is 2 Z-l+1 l+d )
Solution:

We can use the definition of convergence of a series and find the limit of

the partial sums.

n
—

2k

- SO s (e (- 3))

k=0
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Or we can see that this is an infinite geometric series with ratio

1 i
Z-_-_—
2 2,
1 .k
w (3-7)
- (32
Z—Zk-hl— 1 i
S m 2oz

[Z]

I=s |Z] = 1 # True

n
=
I
H

1-2

> (L-dk
S ! k) 1l
k=0 2

The series of absolute values converges, therefore the series converges.

We see that the sum of the infinite geometric series

= (L - 4" )
E— iz 1-1
z:n

n=l

j_n

Example. Evaluate =2 2
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Solution. We can put this expression in the form of a geometric series:

x o, n-2

% - 23 233

il 1 -1
8 1.1 8-41
&
-1 f+41 4-51
T 53-41 B+41 &0
1 1
T

We can use the definition of convergence of a series and find the limit of

the partial sums.

1
= (5]
o ijﬂ‘ 1 i
N = - . _
i 2k z0 10
_ 1 i
lim &, = — - —
T 20 10
= gk 1 i

Or we can see that this is an infinite geometric series with ratio

1 i
a= (=1 = -=
g
i
= —
2
[Z] !
Sz
Iz |2] = 1 2 True
iv2
a (?]'
1-2  j_4i
i
a 1 i

i ¥ 1 i
ik Z0 10

Notes
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We see that the sum of the infinite geometric series

Remark 4.3. The equality given in Example 4.14 illustrates an important

point when evaluating a geometric series whose beginning index is other

E--
=" z*

than zero. The value of === equals 1 - = . If we think of z as the
"ratio" by which a given term of the series is multiplied to generate

successive terms, we see that the sum of a geometric series

first term
equals 1 - ratio | provided |ratio| <1,

The geometric series is used in the proof of Theorem 4.12, which is
known as the ratio test. It is one of the most commonly used tests for
determining the convergence or divergence of series. The proof is similar

to the one used for real series, and we leave it for you to do.

6.4 D'ALEMBERT'S RATIO TEST

o

£n

Theorem (d'Alembert's Ratio Test). If ==t isa complex series with

| Eraa |

im
the property that === |&nl , then the series converges absolutely

if L=1 anddivergesif L=1

= (l _ IL)n
; n!

Example. Show that converges.



http://mathworld.wolfram.com/RatioTest.html
http://mathworld.wolfram.com/RatioTest.html

Solution. Using the ratio test, we find that

. (1 - )™t (1- 4" . n!rl-1)
lim / = lim _—
T (h+1)! n! o (m+1)!
n!(l-1a

= lim ¥|
T i+ 1!
oonl|1l1-1|

= lim ——mM8M8

T i+ 1) !

oonl|l-1|
= lim ——mM8M8M
Tig i+ 1!

[1-1]

Ty n+l

Because L <1, the series converges.

Solution.

Enter the formula for the terms in the series.

(1-2"
n = —
n!

(1- )i+
= = —
™S T eny |

(1-2)"

n = —
1!
Ergl (l-a1n!
z,  (l+m)!
Z,-,,h]_ l1-1
Zn T lan
|Z,-,#|_| "-.'I'E
Zn T lsn
=
L= lin |- -0
T zn

Since L < 1, the series converges.

Notes
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i (1 - 1"
We see that the infinite series ==t

n! converges and that its sum is
l:El_i .

i (z - )"
Example Show that »= 2 converges for all z in the disk

lz-1] <2

lim
T

Solution. Using the ratio test, we find that
Z-1
== lim

(z—i)““/(z—m“ L
zrel 2n nse |2 - 2 TONf
lz-1|

_ _ =L =1 .
lz-11] < 2 then ; , and the series converges. If

lz-31 =2 then L= 1 and the series diverges.

|2-1|

Solution.

Enter the formula for the terms in the series.

Zn o= 27 (-1 + 2]
Toal = 207 (— 4z
o= 27 -1+ ="
=
™o D (cd+z)
En
. Zryl .
L = lim | | = — Adbs[-1+=z]
T Zn

When L < 1, the series will converge. Solve

z—:|'1|

1 )
z ** and obtain
thedisk lz-1a| =2,
= (z oA z
£ = = -
[=] % Zn (-2 -14) +&

We can investigate the convergence by plotting several partial sums of
this series. Since convergence will be more rapid in a smaller disk

lz-21] = the following plot will be a smaller disk with r=1.

Check in Progress-11
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Note : Please give solution of questions in space give below:

Q. 1 State d’Alembert Ratio Test.

Solution :

Q. 2 State Weierstrass product inequality.

Solution :

6.5 LIMIT SUPREMUM

Definition (Limit Supremum). Let %} be a sequence of positive real

L. limsup £, |
numbers. The limit supremum of the sequence (denoted by === ) is

the smallest real number L with the property that for any €=U there are

at most finitely many terms in the sequence that are larger than L+= . If

. lim sup £ ==
there is no such number L, then we set ==

Limit Supremum: Given a sequence of real numbers ax, the supremum
limit (also called the limit superior or upper limit), written lim sup and
pronounced ‘lim-soup,' is the limit of

Ay = Sup a;

k=n

as n—+ e where SUP:=5* denotes the supremum. Note that, by
definition, 4= is nonincreasing and so either has a limit or tends to —ea,
For example, suppose @« = (=1)"/n then for » odd, A= = 1/{n+ 1) and
for n even, A« = 1/n_ Another example is @ =sinn in which case 4» is a

constant sequence A4» =1,

When lim sup a, = lim inf . the sequence converges to the real number
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lim a; = lim sup a,; = lim inf a,.

Otherwise, the sequence does not converge.

Example. The limit supremum of the sequence

limsup t, =5
ftnt=44.1, 5.1, 4.01, 5.01,4.001, 5.00L, ...} j|s T

, because if we set L =5 thenforany = =0, there are only finitely
many terms in the sequence larger than L+ == 3+ _Additionally, if L is
smaller than 5, then by setting = = - L we can find infinitely many

terms in the sequence larger than L+ ¢ (because L+€=3).
Solution

In this case the even terms tex =4+ 107 tend to the limit 4 and the odd

terms texs =5+ 1077 tend to the limit 5.

The limit superior is the largest limit point of a subsequence of &= .

We see that the limit supremum of the

sequence itn} ={4.1, 5.1, 4.01, 5.01, 4.001, 5.001, ...} js

limsup t, =5

T

Example. The limit supremum of the

i limsup £, =23
Sequence {thp={1,2,3, 1, 2,3, 1,2, 3, ...} IS T

, because if we set L=3 thenforany = =10, there are only finitely
many terms (actually, there are none) in the sequence larger than

L+e=3+¢ Additionally, if L is smaller than 3, then by setting
-1
2z we can find infinitely many terms in the sequence larger than

L+ & because L+ € = 3 asthe following calculation shows:
i-L 3+L 3 L 3 3

L+re =1L+ = = — 4 — & — 4 — = 3

2 s 2 2 2 s

Solution

In this case there are only three different values for the terms in the

sequence.
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{tn} = 41,2, 3, 1,2, 3,1,2,3,1,2,3, 1,2, 3, 1, ...}

limzup T,
T

Max [1,2,3]

limsup 3

Ty

The limit superior is the largest limit point of a subsequence of .} .

We see that the limit supremum of the

o limsupt, =3
sequence it =41, 2,3, 1, 2,3, 1,2, 3, ...} g r==

Example. The limit supremum of the Fibonacci sequence it} =

. limsup t, = « . .
{1,1,2,3, 5,8, 13,21, 34, ...} |s T . (The Fibonacci

sequence satisfies the relation & = T+t for n=2),

Solution.

In this case the sequence has = as its limit, and hence the limit

supremum is also =.

{t,} = {1,1,2, 3, 5,8, 13, 21, 34, 55, 89, 144, 233, ...}
-1-n
i
1 L
N il Sl ) [m]

V5 V5

liIllt-n=00
T

limsup £, = =
Ty

We see that the limit supremum of the Fibonacci

o limsup t;, ==
sequence itab =41, 1,2, 3, 5,8,13, 21, 34, ...} |s Tiges

1
= l + — =
Example. The sequence Hed { n }

_ limsup t, =1
f&,1.5,1.33,1.25, 1.2, ...} has T . We leave

verification of this as an exercise.

In this case the sequence has 1 as its limit, and hence the limit supremum

is also 1.

183




Notes

184

6.6 ROOT TEST

In mathematics, the root test is a criterion for

the convergence (a convergence test) of an infinite series. It depends on
the quantity where are the terms of the series, and states that the series
converges absolutely if this quantity is less than one but diverges if it is

greater than one. It is particularly useful in connection with power series.

e
Theorem (Root Test). Suppose that the series ==t | has

1
=L limsup ¥ | &, | =L

lim sup L
(ie. === ). Then the series is

LB

e

absolutely convergent if L <1 and divergent if L=1,

6.7 SUMMARY

We study in this unit about root test, d’Alembert Ratio Test, We study in
this unit Cauchy General Principal of Convergence with its examples.

We study necessary condition for convergence.

6.8 KEYWORD

Root : The part of a plant which attaches it to the ground or to a support,
typically underground, conveying water and nourishment to the rest of
the plant via numerous branches and fibres

Finonacci : The Fibonacci sequence is a set of numbers that starts with a
one or a zero, followed by a one, and proceeds based on the rule that
each number (called a Fibonacci number) is equal to the sum of the
preceding two numbers

Supremum : The supremum (abbreviated sup; plural suprema) of a subset
S of a partially ordered set T is the least element in T that is greater than

or equal to all elements of S, if such an element exists

6.9 QUESTIONS FOR REVIEW

Q. 1 The limit supremum of the Fibonacci sequence {t=} =

o limsup £, = = . .
{1, 1,2,3,5, 8,13, 21, 34, ...} |s T . (The Fibonacci

sequence satisfies the relation @ = Tn1+tn: for n= 2),
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Q.21If z#1 thenforalln, 1-z= 1-z,

2l - T .
=1-1
Q. 3 Show that ; &

. z= lz| = | = 1
Solution. If we set z ,then Z z .
1-1 2 2
1/(1- 1) = = =1-1
z Z_l+1  l+d
. 2™ £z) = —— .
Q.41f =1 =1 theseries ===  convergesto z- 1, Thatis,
= 1
z ™ = z‘l+z'2+...+z'4+... =
if 1z1=1then =2 2-1 or

equivalently,
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6.11 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-1
Answer Q. 1 Check in Section 1
2 Check in Section 2

Check In Progress-11
Answer Q. 1 Check in section 3

2 Check in Section 4
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UNIT 7: CONVERGENCE OF
INFINITE PRODUCT

STRUCTURE

7.0 Objective
7.1 Introduction
7.1.1 Convergence of Infinite Products
7.2 Infinite Product
7.3 Uniform Convergence
7.4 Weierstrass M-Test
7.5 Taylor Series Representations
7.6 Exercises for Taylor Series Representations
7.7 Summary
7.8 Keyword
7.9 Questions for review
7.10 Suggestion Reading and References
7.11 Answer to check your progress

7.0 OBJECTIVE

e Learn infinite product of convergence series
e Learn Uniform convergence
e We study Taylor series representation

e We study Uniqueness of Power series

7.1 INTRODUCTION

In mathematics, for asequence of complex numbers ay, ay, as,...
the infinite product is defined to be thelimitof the partial
products a;a;...a, as n increases without bound. The product is said
to converge when the limit exists and is not zero. Otherwise, the product
is said to diverge. A limit of zero is treated specially in order to obtain

results analogous to those for infinite sums. Some sources allow
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convergence to O if there are only a finite number of zero factors and the
product of the non-zero factors is non-zero, but for simplicity we will not
allow that here. If the product converges, then the limit of the
sequence a, as n increases without bound must be 1, while the converse

is in general not true.

7.1.1 Convergence of Infinite Products

There is a simple convergence test for infinite products that | think

deserves to be better known.

Theorem. Let . be a sequence of positive numbers. Then the infinite

product

=
H[l +a,)

converges if and only if the series

o

E flr

converges.

Proof: Taking the logarithm of the product gives the series

i In(l1+ a,)

whose convergence is equivalent to the convergence of the product. But
observe that

In(1l 4+ x)

lim
r—ui) T

=1

If we assume that ., — U, this gives us that

=1

. In(l4+a,)
lim ——— =

i — O |'|l n

Notes
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and the theorem follows by the limit comparison test. Q.E.D.

Using this theorem, everything you know about infinite series translates

directly to the world of infinite products. For example, the product
11 (1 + i)
el ns

converges if and only if » = 1,

Before I learned this theorem, | had imagined that there must be an entire
theory of convergence for infinite products, as complex and interesting as
the theory of series from calculus, but completely unknown to me.
Instead, it turns out that no one ever talks about the convergence of

infinite products because there is basically nothing new to say!

The Harmonic Series Another reason | like this theorem is that it gives
a nice proof that the harmonic series diverges. According to the theorem,
the behavior of the harmonic series is the same as the behavior of the

following product:

(o I, N[, 1
'-1“'(”5)(”?)(”_1)”'

But this is just

e L

1 5
37 4

[

This clearly diverges, for the partial products are the sequence of positive

integers.

Problems Finally, here’s a fun little pair of exercises:

1. Find a sequence . of real numbers such that 2 converges

but [T11 + 5] diverges.

2. Find a sequence f. of real numbers such that P diverges

but [T(1 + ) converges (and is greater than zero).
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7.2 INFINITE PRODUCT

A product involving an infinite number of terms. Such products can
converge. In fact, for positive ax, the product [T a converges to

a nonzero number iff Zu=1 I ax converges.

Infinite products can be used to define the cosine

cose=[ ]| S ®
gamma function
- . -1
[()=|ze" El[l - ;)f-'-“’ , )
sine, and sinc function. They also appear in polygon circumscribing,
_ H 3)

'I;‘DS

An interesting infinite product formula due to Euler which relates 7 and

the nth prime px is

2
= sin(La " 4
H_l_[':u=|‘1+ 1_2;:-] @
n
- ()
= (-1 —1N2
1+ 5=
(Blatner 1997). Knar's formula gives a functional equation for
the gamma function I' x) in terms of the infinite product
F(d+v=2"[[[r"2T(}+27™ ). (6)
=1
A regularized product identity is given by
ool = ]L];; =V2r (7)
k=1

(Mufioz Garcia and Pérez-Marco 2003, 2008).

Notes
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Mellin's formula states

Y —yn+x) e’ (x) 8
"=ﬂ[ +n+x:]€ n Fix+y) ° ®)
where %o (x) is the digamma function and I (x) is the gamma function.
The following class of products

o 3 _ 1
I_IHP_ =meschr )
s+ 1
[]% - (10)
S o S
ﬁ -] =1 rsinhmese [[— 1)t :r] CSC [[— 17 n] (11)
ol n* +1 2
m sinh ()
- 12
cosh (V2 x) - cos (V2 n) 12

Iilnﬁ 1 2T (=(=D")T (= ¥°) (== 1) T (- 1) 13)
s w1l 5 1-'[[_”I.-'S}1"[_[_1}2.-'5}1"[[_1}3;’5}1"[_[_1}4;’5}
(Borwein et al. 2004, pp. 4-6), where I' (z} is the gamma function, the
first of which is given in Borwein and Corless (1999), can be done
analytically. In particular, for » =1,
I—In —-m" ~ o1y 2mm! 3o [r[_ MJ.";_HM
ol n +m" = e ’ (14)

where @i =™ (Borwein et al. 2004, pp. 6-7). It is not known if (13) is
algebraic, although it is known to satisfy no integer polynomial with
degree less than 21 and Euclidean norm less than 5% 10" (Borwein et
al. 2004, p. 7).

Products of the following form can be done analytically,
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372 cosh? (113 ) cseh (2 (15)

n
ﬁ (1+k" + k72 + 47 sinh? 7 [P, [ (x,)
1 +2k 4382 v Ak 2

T (y;)
2 (z)

H + 2k 4362+ 48 + 517

(1 4k + &2+ 170 + 174 4
k=1 ]' =

Ll

where xi, ¥, and z are the roots of

¥ =5x +10x=10=0 (16)
W63 415,220 p+15=0 17)
o523 41022 =102+ 5=0, (18)

respectively, can also be done analytically. Note that (17) and (18) were
unknown to Borwein and Corless (1999). These are special cases of the

result that
ﬁ Tl _ by TE T ) )
k=1 E!;“ i_j ﬂ'p ]-_E'D=1} r [:_ri},

. .
if as =by=1and a1 = b1, where 7 is the ith root of Zi—oa; [k and s is

the ith root of Zi-ob; [¥ (P. Abbott, pers. comm., Mar. 30, 2006).
For k=12

1

- for &£ odd
- 1 | k I_E.';Il r[[_ 1'}|+_,l{|+|.l'.ic:'} (20)
_ [ At ]_ (2" sin [ (- 1) /]
= for k even

k [JT ﬂ{.icﬂ =1

(D. W. Cantrell, pers. comm., Apr. 18, 2006). The first few explicit cases

are
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n=2
= 1 _cosh[;'?nv"_}
M- 7)==

T 3T((= 1)) T (=(=1)7)

= 1 1
r”LQJZEWFWﬂrppmﬂ [ (= 1)) T (= (-
~ L)_1+C{}Sh[ﬂﬂ}

ST e

n—1

- x" |
I_I[ H] X" r Eznm,.'n

=({

bl

(Prudnikov et al. 1986, p. 754).
Similarly, for k=2,

1

- | l—ﬁ;l rl 1};{|+|,m] for & dd

l_” J T2, sin [ (= 1y2/-1k

= = I I for k even
(it

1y }

(21)
(22)
(23)
(24)
(25)

(26)

(27)

(28)

(D. W. Cantrell, pers. comm., Mar. 29, 2006). The first few explicit cases

are

[ )
n

[1 nl—:*] —'C{J-Sh[ Jr\-"'_]

[1+ lq]zmsh[:rﬁ}—ms(nﬁ}
n 27
sin [(~ 1) x| sin (= 1) x|
B x

(1+ % )=Irfesp G ni Texp (¢ )

[1 N LEJ: sinh:rlcnshn—cns (ﬁ :r}]
2

a1
+
::1 —

-3
1l

s

-3
1l

s

-3
1l

s

n=1

(29)
(30)
(31)
(32)
(33)

(34)




The d-analog expression

rmud=ﬁ[1 - 2—:] (35)

H

=3

also has closed form expressions,

= 4

[_][1 - —2]: ! (36)
i3 A 6

[1[1-5)-mmeys) 37)
w3t T 42043

- 164 sinh (2 m)

- —|= 38
D[ n ] 120 39
= 32 .

[1(1- 5 )=Irfexo ( xi] T [2exp (2 )] (39)
General expressions for infinite products of this type include
- z\2¥) _sin (1) T 1 (E=NY2 Ny -2 4
I:IHI_[H) YT rc=||r[“2 }| (40)
. w1 & e .
I_” +[ ) :HI_”l"[ze’“'2{’7““"'1"”’]|'2 (41)
=1 2 =l
I—” [ }2h+| 1 ﬁ o MR- |1fu,»+|a}| -2 (42)
[il-z)z*" H
I_” +[ }‘”’*' ﬁ 7 & THU-N-DIZN+1) 2 (43)
[(l4z)z2" b=l ’
where I'{z) is the gamma function and Izl denotes the complex
modulus (Kahovec). (40) and (41) can also be rewritten as
=z sin(rz) [sinh (rz) ped v+ V21  (kn (4
!;”1—[;}: g r ® ﬂ cosh? |rz sm[?) - cos” 2)
= zo 1 [sinh(rz) pedwa WA (Qk-D)m (4
l+{-= 2 _ ameld
!;” +[HJ =2 ,-¢=,m5h :rzsm[ o J cos 5)

where Lx] is the floor function, [x1is the ceiling function,

and mod (a, m) js the modulus of @ (mod m) (Kahovec).

Infinite products of the form

[1(1- =6, (46)

k=1
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— i [2|_ '}1 [{:I', n—l,n'}_”l.ﬁ (47)

converge for n> 1, where () is a g-Pochhammer symbol and & {z. 4) is
a Jacobi theta function. Here, the » =2 case is exactly the

constant € encountered in the analysis of digital tree searching.

Other products include

i -1 )
H{l + —] = T (48)
] k 2e
=0.57786367 ... (49)
l_l[l + e EHDT) 514 - (50)
k=0
l_][l : —]sec = 0.86885742 .. (51)

(OEIS A086056 and A247559; Prudnikov et al. 1986, p. 757). Note that
Prudnikov et al. (1986, p. 757) also incorrectly give the product

ﬁ( e )_ [f-z nf\3 ); (52)

k=1

4, {ﬁ Vi)

where ()= is a g-Pochhammer symbol, as 3 , Which differs

from the correct result by 1.8x 107,

The following analogous classes of products can also be done
analytically (J. Zufiga, pers. comm., Nov. 9, 2004), where
again % (z. g) is a Jacobi theta function,

11 5 )= o522 0.7 [ Lot 0.7 (53)
ﬁ(l;: ] Hmﬂh klnn) (54)
=1}4[‘D,n ) (55)
® (] —p2ky? =
=| |tanh® (k In n) (56)
D[l+n'“] ﬂ
K (0, n71) -
8, (0,n7Y) (57)
H[i;:ﬁ] = [ Jtant® [(k - ) inn] (58)
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-1
_ o) (59)
& (0, n71)
ﬁ[l o] J_H-uzq o (0, n7) 2 " (60)
L kT 4 1 i ({}’ n—l}
- [1 - ):n-'ﬂ" 92 (0, n7!) 21" (61)
I ”Ei—l = : lI_l;rl [{} n—l}
= b
I_I1+[—1}&_'ml:2521~“| (a+b, bia+l;-1) (62)
k=1
Vr Ta+1) 63)

"2r(l@+b-a)T(L0+b+a)

The first of these can be used to express the Fibonacci factorial

constant in closed form.

A class of infinite products derived from the Barnes G-function is given

by

= Z_.rr —_'+_"j'.'r{'.2a'r:l_G![z-l-]'.’I z{z+1} _'2 .'rE
L) o =g (64

JT=|

where 7 is the Euler-Mascheroni constant. For z=1, 2, 3, and 4, the

explicit products are given by

00 n L2
I—Hl " l] Gizm-1 _ € i (65)
=1 n Wa2m

I_I[l + E]" M- _ e+ (66)
el n 2

o i G402

I_I[l + %] Slem-s _ € 3 (67)
w1t M V2 ni
[(1+ 3 v 20 (©8)
=1 n '“2 -
The interesting identities

o [1 _x?..rr}ﬂ aa b 69
xl:ll [—1 _xzn-|}H =§2 o3 (Od (n))x (69)

(Ewell 1995, 2000), where £ {r) is the exponent of the exact power of 2
_ i) B L.
dividing », Od(n)=n/2"" is the odd part of », @« (n) is the divisor

function of #, and
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o Lual

[0 +2= <[ (12" + 162 [ (1 +227) (70)

n=1 n=1 n=1

=1+ 8x+28x7 +64x° + 134x" +288x° + .. (71)

(OEIS A101127; Jacobi 1829; Ford et al. 1994; Ewell 1998, 2000), the
latter of which is known as "aequatio identica satis abstrusa™ in the string

theory physics literature, arise in connection with the tau function.

An unexpected infinite product involving tanx is given by

ﬁ [tan (2 x)] '.-'I{"*T" — 4 sin® x (72)

k=0

(Dobinski 1876, Agnew and Walker 1947).

A curious identity first noted by Gosper is given by

20234 11]
o 1 1 Jn+l/2 i ]IIJ.-'H 1 + i3/
[M:G+) = [r®) "~ 77 e (73)
e in | 3
==l ‘q 2w A
= 1.012378552722912 ... (74)

7.3 UNIFORM CONVERGENCE

Complex functions are the key to unlocking many of the mysteries
encountered when power series are first introduced in a calculus course.
We begin by discussing an important property associated with power

series-uniform convergence.

Recall that, for a function f(z) defined on a set T, the sequence of

functions =~ (21} converges to the function f(z) at the point z:&T

. lim 3 = £ . .
provided that 3=~ ) = T % Thus for the particular point zo, we

know that for each == 0 there exists a positive integer ez (which
depends on both & and z;) sych that if ® ¥e.z | then

|5 (zo) - £(20) | < & If % (2) isthe ™ partial sum of the series
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i oy (2 -
je=o , Statement (7-1) becomes I ®= ¥e.= | then

n-1
ch (zu—ajk -ftizgn | = &
k=l

For a given value of £, the integer ¥e.= needed to satisfy Statement (7-
1) often depends on our choice of Z:. This is not the case if the
sequence +#n (21} converges uniformly. For a uniformly convergent
sequence, it is possible to find an integer ¥: (depending only on =) that
guarantees Statement 1 no matter what value for z: €T we pick. In other
words, if n is large enough, the function = (21 is uniformly close to the

function f(z) for all =z =T, Formally, we have the following definition.

Definition 1 (Uniform Convergence),. The
sequence +#n (21} converges uniformly to f(z) on the set T if for every
€= 0 there exists a positive integer ¥e (depending only on =) such that

(7_2) if nz2¥ then 3. (2)-£(21 ] <& forall 2T If %~ (2) js
th . . > oy [Z —ujk .
the »™ partial sum of the series = , We say that the series

i o [z -
k=i converges uniformly to f(z) on the set T.

A sequence of functions {/f}, n=1 2 3 ... is said to be uniformly
convergent to f for a set £ of values of x if, for each €>0,
an integer N can be found such that

Ifi )= fx) <€ 1)

fornzNandall x€E,

A series 2 f: (x) converges uniformly on £ if the sequence {S:} of partial
sums defined by

Zﬁ () =5 (x) )
k=1

converges uniformly on E.
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To test for uniform convergence, use Abel's uniform convergence test or
the Weierstrass M-test. If individual terms #x (x) of a uniformly
converging series are continuous, then the following conditions are

satisfied.

1. The series sum

flx)= Z ey (%) (3)
n= I

is continuous.

2. The series may be integrated term by term

ff (x)dx =Z_Fu,, (x)dx. 4)
T =]

For example, a power series Zn=o s X =% )" js uniformly convergent on

any closed and bounded subset inside its circle of convergence.

3. The situation is more complicated for differentiation since uniform

convergence of L:Z1un () does not tell anything about convergence

of Zn=t e (), Suppose that Zn=1 4 (¥0) converges for some x € [a, k],

that each u« (x) is differentiable on [a. &], and

that Za=1 g5 “n @) converges uniformly on [a. &1,
Then Znz1 #x () converges uniformly on [a. &1 to a function £, and for

each x €la, b],

1
{8n(2)) = {B%+ =
Example. The sequence { n}

converges uniformly to the
function £ (z) = & on the entire complex plane because for any &= 0,

statement (7-2) is satisfied for all z for =Y 'where ¥: is any integer
1
greater than & . We leave the details of showing this result as an

exercise.
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A good example of a sequence of functions that does not converge

uniformly is the sequence of partial sums comprising the geometric

T

Bn (2) = 2"
series. Recall that the geometric series has k=i converging
fiz) = ——
to 1 -z forall ==l (01, Because the real numbers are a subset

of the complex numbers, we can show statement (1) is not satisfied by
demonstrating it does not hold when we restrict our attention to the real
numbers. In that context, T (81 pecomes the open interval (-1,1), and
the inequality, |~ (z21-£1(z) | = € becomes | % (%) -L£(x) | « &
which for real variables is equivalentto £ (%) - € <&, (x) < £ (x) +& |f
Statement (1) were to be satisfied, then given == 0 Hx (x) would be
within an £-bandwidth of f(x) for all x in the interval (-1,1) provided n
was large enough. This illustrates that there is a such that, no matter how
large n is, we can find *s = (-1, 11 such that #» (%s) lies outside this
bandwidth. In other words, illustrates the negation of e which in
technical terms we state as:  There exists €=U, such that for all positive
integers N, there issome =¥ gnd some =+ €T such

that | #n (zo) -E (24} | = £ In the exercises, we ask you to use

Statement (7-3) to show that the partial sums of the geometric series do

f(z) =

not converge uniformly to 1-z for 2ely(),

A useful procedure known as the Weierstrass M-test can help determine

whether an infinite series is uniformly convergent.

7.4 WEIERSTRASS M-TEST

iu}: [z]

Theorem A (Weierstrass M-Test) Suppose the infinite series k=

has the property that for each k, we have | (23| =M forall 2T If

M, >l (2) _
k=i converges, then =i converges uniformly on T.

Proof.

Theorem A gives an interesting application of the Weierstrass M-test.
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oy (2 -
Theorem B. Suppose the power series k=i has radius of
convergence @ =0, Then for each r, (where U+ <p2) the series

converges uniformly on the closed disk Uz (@) ={z: |z-a| sz},

[>]e
]
=]

1
=

Corollary 1. For each r, (where 2= < 1) the geometric series =

converges uniformly on the closed disk Tz (0} = {z: | 2| sz},

Theorem C. Suppose {3 (21} is a sequence of continuous functions
defined on a set T containing the contour C. If 4% (=)} converges

uniformly to £ (=) ontheset T, then (i) £ (=) iscontinuouson T, and

lim S (21 dz = lim 5y (21 dz = fiz)dz=z
(i) ]HWLRU L}Hmku LEJ _

y (2 -m)"
Corollary 2. If the series n== converges uniformly to £ () on

the set T, and C is a contour contained in T, then

n —a1"dz = n —a1"de = £ dl
;Lc [Z -] z L;:: (2 - z L [z] z.

-Logil-=) = iz_"‘
Example Show that 1 B for

all zeli(0) ={z: |2] « 1}

Solution. For zo D1 () 'we chooserand Rsothat "= 12| <r<R<l

thus ensuring that Z» =Dz (0) and that D= (0) == (03, By Corollary 7.1,

=
tal

T . £ (z) =
the geometric series ==  converges uniformly to 1-z on

Dz (0) | If C is any contour contained in U= (1) | Corollary 7.2 gives (7-

=

2 Lliz dz = ZLz“dlz.

=l

. £z = . - .
Clearly, the function Y1 s analytic in the simply connected
domain I= (01 'and F (z) = -Log (1 -2} jsan antiderivative of f(z) for
all z=Dr (1) "where Log is the principal branch of the logarithm.

Likewise, @ (=) =z2" js analytic in the simply connected domain D= (0) |




G () = —— g
and T nel is an antiderivative of g(z) for all =& Dz (0)

Hence, if C is the straight-line segment joining ?t2 =, we can apply

Theorem 6.9 to Equation (7-4) to get

s o l 5:50
=30
“Log(l-z | = E g
m=il n+l
1

P ==/ which becomes

=

-Log (l-2g) + Log (1) = > e

n=0

=

n+l . which can be written as

=1
-Log(l-zy = Z—z’,;'

rl ™ The point zs =I1 (01 was arbitrary, so we are

done.

Check in Progress-I

Note : Please give solution of questions in space give below:

Q. 1 State Weierstrass M-Test.

Solution :

Q. 2 State Uniform Convergence.

Solution :

7.5 TAYLOR SERIES
REPRESENTATIONS

we showed that functions defined by power series have derivatives of all

orders we demonstrated that analytic functions also have derivatives of

all orders. It seems natural, therefore, that there would be some

connection between analytic functions and power series. As you might

guess, the connection exists via the Taylor and Malaren series of analytic

functions.

Notes
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Definition (Taylor Series). If £ (=21 isanalytic at ===, then the series

£589 () £05 (o)

E(al+£' (@) (z-al + - fz-al+ - (-l ...
= gkl
) Zf };um:I (z -a)”
k=i ' is called

the Taylor series for f(z) centered at z =%, When the center is = =1, the

series is called the Maclaurin series for f(z).

To investigate when these series converge we will need the following

lemma.

Lemma. If 2. 2 and @ gre complex numbers with 2z # 2s and 2 # o
then

1 1 Ty - o [z - o)t fzg - o)™ 1 (zgp - o)™t

+ + + e+ +
T - Ty Z - (= - m)i (2 - m)? (2 - @)™l -2y [z - o)™l
where n is a positive integer.

We are now ready for the main result of this section.

Theorem (Taylor's Theorem). Suppose f(z) is analytic in a domain G,
and that e (=) = {z: | z-a | <R} jsany disk contained in G. Then the

Taylor series for f(z) converges to f(z) for all z in I'= (=) ; that is,

=

£lkD (ol N
f(zj:Z o~ [z -l

k=l forall ==D=i2) | Furthermore, foranyr,

0<r<R, the convergence is uniform on the closed subdisk

Dofmy={z: |z-a| zr} for 0« « R

singular point of a function is a point at which the function fails to be
analytic. You will see in Section 7.4 that singular points of a function can
be classified according to how badly the function behaves at those points.
Loosely speaking, a nonremovable singular point of a function has the
property that it is impossible to redefine the value of the function at that

point so as to make it analytic there. For example, the

. f(z) = —— . . :
function @=17 has a nonremovable singularity at z=1. We give a
formal definition of this concept in Section 7.4, but with this language,

we can nuance Taylor's theorem a bit.




Corollary. Suppose that f(z) is analytic in the domain G that contains the
point z==_ Let =« be a nonremovable singular point of minimum

distance to the point 2= _If | zo-a 1 =E then (i) the Taylor series

gl
nl

nal convergesto £ (=) onall of T= (=) | and (ii)
glm
- Imj (zy -o)”
if lzi-al=3=F theseries ==t ' does not converges
to £z,

1
- o¢ Z[n+jz

Example. Show that a-at g is valid for all

zelh (M ={z: |2]| =1},

Solution. we established this identity with the use of Theorem 4.17. We
1
fiz) = ——— . .
now do so. If (1 - 2)* then a standard induction argument
£ () = et
(which we leave as an exercise) will show that (1 -z)™ for

zeDy (D), Thus £™ (0) = (m+1)! and Taylor's theorem gives

1 £l (EI) . = (n+lj| o i .

n=l

n=0

and since f(z) is analytic in L1 (01 | this series expansion is valid for

all 2Dy (0]

D: (0) ={|z| < 3}
Thedisk = 57 and it's images under the mappings:

£
1]

i 1z
25 (2] =Z(n+ljz“ R =Z(n+l)z”
= ni=l , and

=
n

16
315 (2) = > (n+1) 2"

Remark. The accuracy of the image points for the approximation

w=f(g) = — Z(n+ljz
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=

| £ () - 315 (21 | = Z(n+lj = | = Z in+ 1y ="

n=17 L7 n=17

Example. Show that, for zeD1 (1) (@) * - % &  and
1 n E:n
(b) 14+ =t ;( )
. — =27 )

Solution. For =Dy (01 =~ = - n=  |fwelet £ take the role of z
. 1 - r 1 t Z(z = izin
in (7-13), we get that -z - @ I n=, for

z' €Dy (0) But & D1 (0) jff 2D (1) thus we have proven that

T
- =

n=i for ==D1 (00  Next, let -z* take the role of z in

Equation (7-13), we get that

l+lzz= Z(zj Zl:lj:ni:n

- (- ZEJ net gives the second part of
Equations (7-12).

9
opa@m={lz] <« — L .
The disk and it's images under the mappings:
1% 1k 0
W= 33 [2) = Zzzn W= 315 (2] =Zzzn W= 35 (Z) = Zzzn
ni=f , n=l , and ni=f .

Remark. The accuracy of the image points for the

w:f(zj—l_z2 i

approximation is

N
£ (2] _Z gim
=l

o

2%

b g in
— 0.0630132
) n%ll ( 10 ] i

netl Remark
. I3 (0)
2. The images of 17 under the
1i 1k
_ W= s (2) = > (-17ET W= s e) = (-1
mappings: = : n=i , and
in
W= s (2) = Y (-1)72" _
n=i will appear like those shown above,

because 2z rotates the plane about the origin

and (-L)7z" = (i)t = (22" Also, the accuracy of the image

Z m+1) [ ] « 0.0082517.



Notes

points for the approximation
be

=

= 2

n=il

fcz:u—zlz 13"z "

ZI: l:l:n in

n=il

(%)

i[ ] « 0.0630132
n=il

Remark. This clears up what often seems to be a mystery when series

are first introduced in calculus. The calculus analog is (7-14)

= iIn 1 = n_in
X = [-117"=
- 2 Z & Z
- % and 1+¥ o for =& (-1, 1) For many

students, it makes sense that the first series in Equations (7-
1
14) converges only on the interval -1 1) because 1 - x* isundefined

at the points == *1_ |t seems unclear as to why this should also be the
1
case for the series representing 1 + x* |, since the real-valued

1
o E) s —— . :
function S is defined everywhere. The explanation, of

course, comes from the complex domain. The complex

function ~ "= = T+ 2% is not defined everywhere. In fact, the
singularities of t (2} are at the points 2= *1 and the distance between
them and the point === 10 equals 1. therefore, Equations 3 are valid
only for z= D1 (0} "and thus Equations are valid only for the real

numbers x& (-1, 1),

Alas, there is a potential fly in this ointment: applies to Taylor series. To
form the Taylor series of a function, we must compute its derivatives.
We didn't get the series in Equations by computing derivatives, so how
do we know that they are indeed the Taylor series centered at z=%=10?
Perhaps the Taylor series would give completely different expressions

from those given Fortunately, removes this possibility.

Theorem (Uniqueness of Power Series). Suppose that in some

£(2) = lagiz-a)" = >lby(z-a)”
disk Tz =1 we have m=t n=t . Then

an,=hy, for n=0, 1, 2,
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Example Find the Maclaurin series for £ (=) = sin‘z

Solution. Computing derivatives for f(z) would be an onerous task.

Fortunately, we can make use of the trigonometric identity

3 I 1
gin"z = —3ing - —3zinic=
4 4

. Recall that the series for sin z (valid for

=3 I:_lj:n zim.\]_

Finz =
all z) is ey (2 L) . Using the identity for sin‘z we
N I O T B o Ol el
gin’ z = ; Znsl)] §E2n+ljl 3z)
_ 3 L7 o LT i
i "'1%(21“1)' % (Zn+ 1)1

IERIEIL
obtain 4@ns1t By

the uniqueness of power series, this last expression is the Maclaurin

- . 3
series for sin’ z

In the preceding argument we used some obvious results of power series

representations that we haven't yet formally stated.

Theorem. Let f(z) and g(z) have the power series representations

£ iz) =Za,., (z-o)" for z eDy (@)

n=l
’

g (=) =Zh,.. (z-a)™ for z €D, (o)
and n=i CIf r=min{ry, r;} and § jg

any complex constant, then (7-15)

BE (=) = Z,Ba,., (z-a)" for zeDly (m)
n=t , (7-16)

f(zl+g(z) = Z(a,., +b) (2 -a)™ for = eDg (o)
e , and

fizl+xg(z)] = ch(z—uj“ for ze Dy (a) n:,.,:Zakh,.,_k
, Where k=i

Identity is known as the Cauchy product of the series for f(z) and g(z).

Example. Use the Cauchy product of series to show that

m+ 1) ="
El—ZJz ; for zeDy ()




Notes

1
. fizl =gig)l = ——
Solution. We let 1 -z, for 2= (0 | we have
1
TENY = higl = £12) gzl
= Z[Z a-}:h:n—k Zn
p— k=0
2l8
:I'|=|:| ]I::[l
= Z n+l) z"
an, = by = 1 forall n, and thus n=i
Soloution :
1 =
f(2)=g(g) = —— =Zz for zeDy (0]
Use the following fact that -2z .5

Enter the coefficients 2. =1 and b, =1 gnd |let Mathematica carry out

the computations.

h
™
[}
[]s
e
[&]
4
[}
[~]e
Fan
|—-
—r
(]
=]
[}
=

w
]
[}
[>]e
=
=]
2]
=)
[}
[>]e
Fan ¥
=
—r
]
=]
|
(-

1
=]
I
L3
1 M ]
=
—_
—
p—
—_
=
—
n
—_
[
p—

k=0

1

hiz] = écnz“ = ;[l+njz“ ey

Extra Example 1. Use the Cauchy product of series to show that

Z _ nil+n) (2+mnl
(z -1* 5 & for =eDy(0)

I
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Explore Solution for Extra Example 1.

Use the following

z = n
=an for z el (00

facts (2 - 1) ' n=0 and
L -
———— =2 (n+1) 2" for el (0)
(z - 1% o5 . Enter the

coefficients @ =n and b, =n+1 and let Mathematica carry out the

computations.
8, = I
b, =1l+n

2

= n = el l
glz] =§h,.,z =§(l—}:+njz ey

n
Cn = E ay h:n-}:

=0

E3

(K) (1-k+n) = > (k (1-k+n))

k=0

[

Cp =
k=

=

Z(}: (l-k+n)) = in(1+n) (2 +1n)
k=0 &

Cy, = én(l+nj [Z + 1)

Z

= n = 1 n
hiz] = %an - %(En(l+nj (Z+m1z" = T

=
= nz

Extra Example 2. Show that * - &% =3 for zeDi(0)
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4 z-1 +1

(L-z)t  (1l-az)t

1 -1
l-z)t  (1-az)

= i(n+ljz“ - iz“
n=0

n=l

Solution. Now we obtain n=i

Check in Progress-11
Note : Please give solution of questions in space give below:
Q. 1 Define Taylor Series.

Solution :

Q. 2 Use the Cauchy product of series to show that
l =
— =% m+lz"
(L -z)t ; ' for zeDy(0)

Solution :
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7.6 EXERCISES FOR TAYLOR SERIES
REPRESENTATIONS

Exercise 1. By computing derivatives, find the Maclaurin series for each
function and state where it is valid.

1 (a) ginh (=)

= 1
zink (z)] = Z— gt

Answer. ot (201l valid for all z.

Solution. Given t (2] = sinh (2]  the derivatives are £' (2] = cosh (2]

£ (z) = sinh (2) | £ (2) = cosh (2) | etc. In general the even

derivatives are £ (z) =sinh (z) for k=0,1,2, ... , and the odd
derivatives are £“** (z) =cosh (2} for k=0, 1,2, ... Now
evaluate these derivatives at =10 and get: £ (0) = sinh (0) = 0
for k=0,1,2, ... £9FH 0y 2 cosh (03 =1 for k=0,1,2, ...
ECER 'y

. - . . Ay = e

the coefficients of the Maclaurin series are (2k) !
f(2k+~l) (0 1
a = =

for k=0,1,2, ... T T@ka1) (Zk+1)
for £=0.1,2, ... and the sequence of coefficients is

1 1 1 1 1 1
I:IJ' l.l' I:IJ' I I:IJ' , I:IJ' I I:IJ' , I:I.l' I I:IJ' ,

31 51 71 a1 111 131

Or if you prefer, you can write it as:

£ [y 0, for noeven
n!

nl , forn odd

The series is usually expressed by adding up the non-zero odd powers

] z? ZS z'? zﬂ z.'L'I. zl?
ginh (2] = 8+ — + — + — + — + R
3! 51 71 al 11! 131
ginh (2) = i;z“#
o (EE+ 1))
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Or if you prefer the series can be written as

. 2 £ (D)
ginh (=) = Z
1!
n=l
=l (-1 1
) Z E L )

ni=l In!

We are done.

Remark. If this last series looks strange, then recall

1
ginh (z) = —e"- —g™"
that Z and
=1 d 1
e = Z_I (-z)" = Z(—lj“—lz“ _
that n=t I n= n® . Hence, we obtain
vh(z) - Sef- e
31 = = —EFE - — B
2 2

1 (b) cosh (z)

= 1 in
T =
cosh (2] ,.é.] Zm Z

Answer. valid for all z.

Solution. Given t (2] = cosh (2]  the derivatives are £' (2] = sinh (2]

£ (z) = cosh () | £ (2) = =inh (2) | etc. In general the even

derivatives are £%* (z) =cosh (z) for k=0.1,2, ... and the odd
derivatives are £%** (z) =sinh (2) for k=0,1,2, ...  Now
evaluate these derivatives at =0 and get: £ (0) = cosh (D) = 1
for k=0,1,2, ... £ %) (o) - sink(0) =0 for k=0,1,2,

the coefficients of the Maclaurin series are

R 1
Ay = =
(2k) | (zk) ! for k=0,1, 2, 1
f(ik-l-\l) )
aik-{-\l = — =
(2k+1)! for £=0.1,2, ... and the sequence of

Notes
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coefficients is

Or if you prefer, you can write it as:
£07 1oy { _(211:.)! , forn ewen

n! 0 , forn odd

The series is usually expressed by adding up the non-zero even powers

Zi z‘i ZE zﬁ zlﬂ zli
cosh(2) = 1+ — +— + — + — + + +
Z! 41 [ gl 10! 121
cash (=) = i - gtk
ko (2ED !

Or if you prefer the series can be written

=

cosh (21 = _ =
n!
n=l
= l+(-13" 1
= Z _— _| A
as = 2 nl
We are done.

Remark. If this last series looks strange, then recall

1
cosh (2] = — e+ — g™
that 2 z , and
= = l n = n l I
B - -2 = YDz _
that n=t T n=t 5 Hence, we obtain
l = l -
cosh(2) = — & + —E
2 2
=1 1 =1 1
- - zn I | n_- zn
; 2 nl ¥ ; 2 (-1 n!

We are really done.

1 (C) Log (1+2]

=™
Log (l+z) = E—z
Il

Answer. n=1 valid for = = I (0)
212




Solution. Given £ (2} = Log (1+z2)  the derivatives are

1 L z1
fl = - f(zj = =-————— f(g) =
(=) (l+z) (2 (Lez)f (=) (l+z)?
£ 2y - 3!
tl+z)* etc. In
£ (g - (-1)™* (m-1) !
general (L+z)m for n=1,2, ... Evaluate the

derivativeat z=19 and get £ (00 = Log (1+0) =0 and

(-13™+ (n-13!
[(L+0ym

£ () =

= (-1 (n-1) !

the coefficients of the Maclaurin series are

£E1 () (-1)"" (n-1) ! -1

rl nl ol for n=1,2, ... and

the sequence of coefficients is
1 1 1 1 1

1
0,1, ~— = -—=y —r —— ? =5 T r ST T T

2737 a’ & 6" 5" g w1’ o1z’

Hence, the Maclaurin series is

i e e e LAl o
Log (l+2) = Z - — 4 — = — # — = — + — -

+ —_— t— - — 4+ — - — %
2 3 4 5 & 7 g 9 10 11 12

[}
[}
+
]
H
1
= 2
— —
[
p—

Log (1+ =)
=l
i (-L)™lm-131
= 0 + =
1!
n=L
i I:_l:lr*l "
= =
I
n=L
We are done.

Exercise 2. Using methods other than computing derivatives, find the
Maclaurin series for

2 (a). (eos (27,

1

Hint. Use the trigonometric identity 4 (zos (z))% = 3cos (2) +cos (32)

foos (211°% = Z—(_lj (3+I9) gim
Answer. 0w (2m) ] valid for all z.

Notes
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Solution. Use the known series for === () which is valid for all z:

cos (2] = Z 1) zin

no (210 Replace z with 3z and get the series
= (=17 in e N
cas (3 E) = [3 2] = _ =
for cos(3z)- % [2mn) ! % [Zm) ! .

Using these series we obtain

[cos (zjjg = i cos (2] ! cos (32
T oa !
c QI i LU RN O B R
B Z% zm1 o " Z% Zm1 -
_ i =137 (3 +39™) Sin
£ dx(Zm) !
[cos Ezjjg = ZL(S*‘IQJ zi:n
Therefore, r Ax(2n) is valid for all z.
We are done.
£ (21 = Z c,z"
Exercise 8. Suppose that nl is an entire function.

8 (a). Find a series representation for £ (=) using powers of Z.

o

Fz) = 2\ &z

Answer. n=d
£zl = Z Lz
Solution. Start with n=i and conjugate each term in the
fiz1 = Z o,z
n=l
= Z Cnz"
n=0
_ = e
series n=i

8 (b). Show that £ (21 js an entire function.

=

E(Z) = > T

=

Answer.
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Solution. Substitute = into the series for £ (z) and get

£(Z) = > oo (2" ,
n= . Now take the conjugate and

EE) = 2 e (D)7
n=0
= > EHET
n=l
= > &)
=l
= >Emiz)”
ni=l
= > et EE) = > T
obtain nal Therefore, n=l is
valid for all z.

Now termwise differentiation can be used to obtain the derivative

d d =
—E@E) = — > e
=0

dz z =

= d
= Z Cq — ="
n=l dz

n
=}
L1
5
=
]
=]
L

of £ (&7 ; Therefore, £ (ZJ isan

entire function.

Exercise 9.

£zl = Zc,.,z"' = lez+2zienefinetinz® v13:20 4. .
n=0

Let :
where the coefficients =~ are the Fibonacci numbers defined by

cp =1, l:_'|_=l, and '::n='::n-.l+'::n—2,f0r I'.I.Ez_

1

(=l —
1-z-zt forall 2 ¢ Dr (D) for some number

9 (a). Show that :
R.
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Solution. Observe that

l+zf (2] +2 £ ()

n
(-
+
%]
[¥]
=]
%]
=]
+
%]
=
L]
=}
%]
El

n
(-
+
[¥]
=
1
+
L7
=
%]
i

=il =il Change the index

l+zf (2] +25 £ (2)

n I
- -
+ +
M M
o] o]
5 ]
" I
o, £
+ +
[~] [~]
[w] [w]
3 ]
= [a]
r kS
L

n
—
+
o]

E—J
3]
+
[e]

]

L
3]
+
[

]

1
=
3]

L=
l+z+ Z (Cpl+ Crzl 2

n=i

Now use the relation ©» = en1+cn: for =2 to get

L=
l+z+ Z (Cp.l + Croil 2

n=i

l+zf (2] +2° £ (=)

-
Cy +CLZ+ Z cpz
n=i

= f (2]
Thus we

have, l+zf(z) +2 £ (2) = £(2)

Rearrange the terms, £ (z)-=z£ (z) - z'£(z) = 1 andsolve for £ (2},

1
£(z] = ——
Therefore, 1-z-z¢  forall z = Iz (00 for some number R.

We are done.

7.7 SUMMARY

We study in this unit about M-test with its examples. We study also

infinite series and uniqueness of infinite series. We study Taylor series
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expansion and its general representation with examples. We study

uniform convergence series.

7.8 KEYWORD

Expansion : The political strategy of extending a state's territory by
encroaching on that of other nations

Conjugate : Give the different forms of (a verb in an inflected language
such as Latin) as they vary according to voice, mood, tense, number, and
person

Uniform : Remaining the same in all cases and at all times; unchanging

in form or character

7.9 QUESTIONS FOR REVIEW

1. Find a sequence @, of real numbers such that 2 converges

but [T11 + 2] diverges.

2. Find a sequence . of real numbers such that 2 tn diverges

but [T(1 +a.) converges (and is greater than zero).

£Eiz) = Zc,.,z"' = l+z+2z+32f+52tr82" v13:2" 4 ...
ni=0

3. Let ,
where the coefficients o~ are the Fibonacci numbers defined by

cp=1, C_]_:l, and Cn = C,-,__'|_+I3,-,_g1for n= 2_

£f(e1 = Z Cp 2
4 Suppose that n=i is an entire function. Find a series

representation for £ (21 using powers of Z.

-
2.

5 For each r, (where U=1r=1) the geometric series ==t  converges

uniformly on the closed disk D= (0} ={z: | 2| sr},
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Notes

7.11 ANSWER TO CHECK YOUR
PROGRESS

Check In Progress-1
Answer Q. 1 Check in Section 4
2 Check in Section 3
Check In Progress-11
Answer Q. 1 Check in section 5

2 Check in Section 5
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